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NEW FOUNDATION OF EUCLIDEAN GEOMETRY. 


By Kari MENGER. 


My second paper on metrical geometry * contains a characterisation of 
the n-dimensional euclidean space among general semi-metrical spaces in 
terms of relations between the distances of its points. In courses on metrical 
geometry at American universities I have considerably shortened and revised 
my original proofs and generalized the formulations by introducing the 
concept of congruence order. The following paper contains these new proofs. 
In the first part we prove that every semi-metrical space, each n + 3 points 
of which are congruent with n+ 3 points of the n-dimensional euclidean 
space, is congruent with a subset of the n-dimensional euclidean space. This 
is expressed by saying that the n-dimensional euclidean space has the con- 
gruence order n+ 3. In the second part we prove that each semi-metrical 
space containing more than n-+ 3 points each n-+ 2 points of which are 
congruent with n + 2 points of the n-dimensional euclidean space, is congruent 
with a subset of the n-dimensional euclidean space. This fact is expressed 
by saying that the R, has the quasi-congruence order n+ 2. It is proved 
by a systematic study of those sets which contain exactly n+ 3 points and 
are not congruent with n+ 3 points of the n-dimensional euclidean space 
whereas each n + 2 of them are congruent with n + 2 points of the n-dimen- 
sional euclidean space. These sets are called pseudo-euclidean sets. By means 
of these results the problem is reduced to the question: under what conditions 
are n + 2 points congruent with n + 2 points of the R, and by what distance 
relations are the pseudo-euclidean (n -+ 3)-tuples characterized. These purely 
algebraic problems are solved in the third part.t+ 


I. ConGRUENCE SYSTEMS AND CONGRUENCE ORDER OF THE Ry. By a 
congruence system is meant a system © of sets and a relation ~ (called the 
congruence relation) that satisfy the following five postulates: 


Postulate 1. If p, q are two points of a set M of G, and p’, q’ are two 
points of a set M’ of S (M’ not necessarily distinct from M) then, either 
or p,q where the relation # is the negative of the 
relation of congruence. 


*Cp. Menger, Mathematische Annalen, Vol. 100, p. 113. 
+I wish to express my thanks to Dr. Leonard M. Blumenthal for his help in 
the editing of this paper and in particular for remarks concerning the first part. 
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Postulate 2. For each two points p,q of a set of S, p,q = gp. 


Postulate 3. For each point p of a set of S and each two points q and r 
of a set of S, p, p = gq, r if and only if g =r. 


Postulate 4. If for two pairs of points p, q; p’, q’ of two sets of GS, 
= then p’, = 


~ 


Postulate 5. If for three pairs of points p, q; p’, q’; p”, q of three 
sets of ©, p,q = p’, and p,q = p”, then p’, = p”, q”. 


A set S is called a semi-metrical space provided that to each two ele- 
ments p, gq of S there corresponds a not negative real number, called the 
distance between the points p and q, such that, if we denote this number by 
pq, we have pg=qp, and pqg=0O if and only if the points p and q are 
identical. 

In particular, for each integer n the R, (i. e., the n-dimensional 
Euclidean space) is a semi-metrical space. The system of all semi-metrical 
spaces is a congruence system if the relation p,q = p’, q’ is valid if and only 
if for the distances pq, p’q’ the equality pg = p’q’ subsists. 

A mapping of the set S of the congruence system © upon the set S’ of S 
is called a congruent mapping if to each pair of points of S there corresponds 
a congruent pair of points of S’. (A congruent mapping is, eo ipso, one-to- 
one). Two sets of a congruence system are called congruent if there exists 
a congruent mapping of one upon the other. 

A set M of a congruence system © has the congruence order n provided 
that each set of S, each n points of which are congruent to n points of M, is 
congruent to a subset of M. Evidently, each set of the congruence order n 
has also congruence order m, if m is an integer greater than n. For example, 
the Ry (i. e., the space consisting of a single point) has the congruence order 
2. In general, each set RP of a congruence system G, consisting of n points has 
the congruence order n + 1, for if S is a set of S, each n + 1 points of which 
are congruent to n + 1 points of #, then S cannot contain more than n points. 

Let S and RF be two sets of a congruence system. If # has the congruence 
order n, the set S is said to be super-ordered with respect to RF if the following 
conditions are satisfied: 


(a) S contains a subset congruent to R. 
(b) Each set of n points of S, every (n—1) of which are congruent 
to (n—1) points of R, is congruent to n points of R. 
(c) If pi, po,* are (n—1) points of 8S, and ji, 
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are (n—1) points of S congruent to the first set of (n—1) points, then to 
each point s of S there exists at least one point 5 of S such that 


(d) If pi, *, Pn-1 and po,* * *, Pn-1 are congruent sets of points 
of S, the first set not congruent to (n —1) points of R, and if s, ¢ and 5, # are 
two pairs of points of S such that 


Ss, Pru Pes Pn-1 Pas pes Pn-1 
then 4% 


It is to be observed that applying condition (d) to the case in which the 
points s and ¢ are identical we see that the point s of condition (c) is uniquely 
determined. This remark we shall denote by (c’). It is of great use in what 
follows. 


Remark 1. If R is the (n—3)-dimensional Euclidean space, and 9S 
is the (n — 2)-dimensional Euclidean space, then # and S satisfy the condi- 
tions (a) — (d).* 

(a) Each (n —3)-dimensional plane of the Rn-2 is congruent to Rn-s. 

(b) Each set of n points of the Ry-2, every (n—1) of which are con- 
gruent to (n —1) points of the Rn_; is congruent to n points of Ry_s. 

(c) In applying a congruent self-transformation to the Ry». which 
transforms 1, P2,* Pn-1 Into Pi, * *, Pn-1 Tespectively, the point s is 
transformed into a point § satisfying the condition. 

(d) If pi, po»: are (n—1) points of the not lying in 


an (n—3)-dimensional plane, then if 7;, are congruent to 
Pi, P2s* * *y Pn-1 there exists only one congruent self-transformation of the 
Ry-2 transforming pi, Po,* * Pn-1 into pr, * *, Applying this self- 


transformation to the Rn-2 the points s and ¢ are necessarily transformed into 
§ and é respectively; for the points into which s and ¢ are transformed have 
the same distances from ji, p2,* * *, Pn-1 as § and ¢ have, and the Ry-2 con- 
tains at most one point with (n—1) given distances from (n—1) points 
not lying in an (n — 3)-dimensional plane. 

Let us denote by S, the n-dimensional sphere; for example, So is a pair 
of points, S, is the circumference of a circle, S: is the surface of the sphere in 
three-space, etc. The section of an S, by an m-dimensional plane (m =n) 


* As soon as we shall have proved that the R,,_, has the congruence order n, it will 
follow from this remark that the R,_, is super-ordered with respect to the R,,_,. 


‘n-2 
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through the center of the (nm + 1)-dimensional sphere whose surface is Sn is 
called an (m— 1)-dimensional great sphere of Sp. 


Remark 2. If R is the Sn-3, and S the Sn-2, then the conditions (a@)—(d) 
are satisfied. 

(a) Each (n—3)-dimensional great sphere of Sn-2 is congruent to Sn-s. 

(b) Each set of n points of Sn-2, every (n —1) of which are congruent 
to (n—1) points of Sys, is congruent to n points of Sn-s. 

(c) We may transform the sphere Sn-2 congruently so that the points 
* * Pn-1 are transformed into the congruent set p,, °°, (If 
the two sets of points form two symmetric polygons, this transformation may 
be accomplished by means of a perspectivity with the center of the sphere as 
center of perspectivity). Then the point s is transformed into a point § 
satisfying the condition. 

(d) If pi, +, pn+ are (n—1) points of the Sn-2 not lying in a 
(n —3)-dimensional great sphere, there exists only one congruent self- 
transformation of the transforming the points 1, * Pn-1 into the 
congruent set 1, fiz, °°, Pn-1- The points s and ¢ are transformed by this 
transformation into points and respectively, with s,t 

We now prove the 


THEOREM. If R has the congruence order n and S 1s super-ordered with 
respect to R, then S has the congruence order n + 1. 


Given a set 8’, each n+ 1 points of which are congruent to n+1 
points of S, we must show that S’ is congruent to a subset of S. Now, since 
each n+ 1 points of S’ are congruent to n+ 1 points of S, a fortiori, each 
n points of 8’ are congruent to n points of 8. 

Suppose, first, that each n points of 8’ are congruent with n poiuts of 
Rk. Then since # has the congruence order n, S’ is congruent with a subset 
of &. But 8 contains a subset congruent to R (condition (a)). Hence, S’ 
is congruent to a subset of S, and the theorem is proved for this case. 

Suppose, now, that there exist n points of S’ that are not congruent to n 
points of R. There exist, however, n points of S congruent to these n points 
of S’. Among these n points of S there are (n —1) points that are not con- 
gruent to (n—1) points of FR (since otherwise, by condition (6), the n 
points of S would be congruent to n points of R, and the n points of S’ would 
be congruent to n points of RP). 

We may label the n points of S congruent to these n points of S’ so that 


(*) Siz S2,° * 5 Sn-1 
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are not congruent to (n—1) points of R. Let s/1, - +, be the 
(n—1) points of S’ congruent to the points (*) of S. 
We construct, now, a mapping of S’ upon a subset of S. Let s’ be an 


arbitrarily chosen point of S’. Consider the set s’1, %. These 
points are congruent to some n points of S, say, 51, 52,°°* *,5n1,5. Now 
the set s’1, 8’2,° * +, 8’n-1 is congruent also to the set (*). Hence 

Si, S2,° Sn-1 = $1, $2, ° 


where the first (n —1)- tuple is not congruent to (n —1) points of R. 
Now, according to the remark (c’), there is exactly one point s of 8 
such that 
and hence 


/ , , 
S2,° 5 Sn-1, 8 §1, 82, »Sn-1,8. 


The point s determined in this way we take as the image in S of the point s’ 
for each point s’ of S’. 

We propose that this mapping of S’ on a subset of S is a congruent one. 
To show this, let s’ and ¢’ be two points of S’, and let s and ¢ be their images 
in S. We prove that s,t = s’, t’. Since each n + 1 points of S are congruent 
to n+ 1 points of S’, there exist some n-+ 1 points of S, say, 51, 52,° °°, 
§n-1, §,# congruent with the n+ 1 points, of S’. Now, 
So, °° *, 8, there subsists the relation s,, 52, Sn-1,8 
$1, +, 5, where the first (n—1)-tuple is not congruent to 
(n—1) points of R. 

In entirely analogous fashion, we show that s,, 8, *, Sai, 
54, *, 5n1, Hence, we conclude from condition (d) that s,t = 5,é 
and as ~ it follows that s,t ~ 

Thus we have shown that the mapping of S’ upon a subset of S is a 
congruent one, and the theorem is proved. 

We shall prove now: 


First FUNDAMENTAL THEOREM. The R, and the Sn have the congruence 
order n + 8 but, except in the case of the Ro, not the congruence order n + 2. 


As previously remarked, the Ry has the congruence order 2 and, therefore, 
the congruence order 3. In order to prove that the R, has the congruence 
order n + 3 we show: If the Ry»-s has the congruence order n, then the Rn-z 
has the congruence order n+ 1. But if we assume that the Rn»-s has the 
congruence order n it follows from Remark 1 that the R»-2 is superordered 
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with respect to the Rn-3. Hence according to the Theorem we have proved, 
the Rny_2 has the congruence order n+ 1. In the same way utilizing Remark 
2 we conclude that the Sn-. has the congruence order n + 1 if the Sn_; has 
the congruence order n. As the So which consists of two points has the 
congruence order 3 it follows that the S, has the congruence order n +- 3. 

Let us now prove that the S, has not a congruence order less than n + 3. 
It is easy to prove that S, contains n + 2 points each two of which have the 
same distance, let us say, d, whereas S, does not contain n + 3 points, each 
two of which have the same distance. If, now, T is a set consisting of & points 
each two of which have the same distance d, then each n + 2 points of 7’ are 
congruent with n+ 2 points of S», whereas 7, if k=n-+3 is not con- 
gruent to a subset of S,. Hence S, has not the congruence order n + 2. 

Let us denote by pi, points of the each two of 
which have the same distance, say, d. We denote by d’ the distance of the 
point Pnsr2 which is the center of the (n—1)-dimensional sphere that cir- 
cumscribes the points p;, and by d” the distance of from 
the plane through fi, po,* - +, pa. Then, let P be a metrical space consisting 
of n+ 3 points, * Pnsis Pn+g Such that 


pips = 4, (,jSn+1) 
= Pnispi = (i 


Dn+2Pnss = 20”. 


It is easy to prove that each n+ 2 points of P are congruent with n-+ 2 
points of the Rn, whereas P is not congruent with a subset of the &,. Hence 
the R, has not the congruence order n + 2. 


2. Psrvupo-EUCLIDEAN SETS AND QUASI-CONGRUENCE OrpDER. We have 
seen that there exists a set P which is not congruent to a subset of R, whereas 
each n+ 2 points of P are congruent ton + 2 points of the R,. This set 
consisted of exactly n + 3 points. We shall prove now in general: 

Each set containing more than n+ 3 points, each n+ 2 of which are 
congruent to n+ 2 points of the Rn, is congruent to a subset of the Rn. 
We could say that a set S of a congruence system has the quasi-congruence 
order k vf each set containing more than k + 1 points, each k points of which 
are congruent to k points of S, is congruent to a subset of 8. Then evidently, 
each set of quasi-congruence order & has the congruence order k +1. Con- 
versely, however, the Sy is a space of congruence order n + 3 which has not 
the quasi-congruence order n+ 2, for we have seen that for each integer 
k there exists a set T containing k points which is not congruent with a 


| 
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subset of S, whereas each n + 2 points of 7 are congruent with n + 2 points 
of Sn. Utilizing ti: concept of quasi-congruence order, we shall prove the 


SECOND FUNDAMENTAL THEOREM. The Ry but not the Sn has the quasi- 
congruence order n + 2. 

The Ry has the congruence order 2 and hence, a fortiori, the quasi- 
congruence order 2. We shall prove the theorem by complete induction, i. e. 
under the assumption of its truth for the Ry. 

The following terminology will be useful: We call n+ 1 points of the 
R,, independent if and only if they do not lie in a (n — 1)-dimensional plane. 
We say in this case-also that each of these n + 1 points is independent of the 
n others. More generally we shall call a set of a congruence system which 
is congruent with n-+1 independent points of the Rn, an independent 
(n+ 1)-tuple. A set of a congruence system that consists of n + 1 points 
which are congruent with n + 1 points of a Ry», will be called a dependent 
(n+ 1)-tuple. We say, furthermore, that n points Pn of the Ry are 
independent if and only if there exists a point pn. of the R» such that the 
points Pnsi are independent. In this notation the properties 
(a) —(d) of the R, which guaranteed its congruence order n+ 3 can be 
formulated in the following way: 


(a) The (n—1)-dimensional planes of the Ry» are congruent with 
the 

(b) n-+ 2 points of the R, each n + 1 of which are dependent lie in a 
(nm — 1)-dimensional plane. 

(c) Ifin the the two (n+ 1)-tuples pi,- +, and * 
are congruent then there exists for each point p of the Ry at least one point p 

(c’) If the points p.,° * +, Pas. are independent than the point p in 
condition (c) is uniquely determined. 

(d) If the points :,-+-,fn of the Rn» are independent and 


Pnsg ANd Pnsiy Pns2, are points of the R» such that 

then Dn+2Pnss Pn+2Pnis- 


An immediate consequence of (c) is besides 


(c’) If in the R, the two n-tuples +, pn and fn are 
congruent then there exists for each two points p and q of the Ry at least 
one point » and at least one point q such that 


i} 
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Besides these properties of the R, we shall make use in what follows of 


some other properties viz: 


(e) Two congruent (n + 1)-tuples of the A, are either both independent 
or both dependent. 

(f) If the points p,,: - +, pn of the Rn are independent (i. e. do not lie 
in a (n—2)-dimensional plane) then there exists for each point p which is 
independent of them at least one point p° =~ p such that 


(g) If pn are independent points of the and 
Pay PL Pry’ * Pn; p° 
where p° is either dependent on p:,° - -, Pn or distinct from p, and where q° 
is either dependent on pn or distinct from then 


If in condition (g) p and q are identical it follows that condition (f) 
can be sharpened to 

(f’) The point p° in condition (f) is uniquely determined. 

(h) If in the Ry the points pi:,:*-,pn are independent and p is 
dependent on them, then from 


Pn» P Pr» » Pn; P 


it follows that p = p’°. 
(7) * Ifin the R, the points pi,° - *, Pasi are independent and p is some 
other point and if we denote for k = 1, 2,- - -,n-+ 1 by p* a point such that 


and such that p* ~ p if p is independent of p,,- - -, Pasi then there exists at 
most one point c of the R, such that 


Proof: The 1) independent points *, Pasi in determine 
a simplex. The (n+ 1) points p', p?,- - -, p”** obtained as the mirror images 
of an (n + 2) nd point, p, in the (n + 1) planes of the simplex lie, in general, 


* Property (i) has been found and proved by Leonard M. Blumenthal. 
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in R,, and not in a space of lower dimensions. There is then but one point, 
c, of the R, satisfying the relation 


It may happen, however, that the points p’, p?,---,p"* le in an 
(n—1)-dimensional plane (the generalization of the Simpson Line that 
occurs in the #2). If the points do not lie in an (m — 2)-dimensional plane, 
then there is no point, c, satisfying (*), in the (n—1)-dimensional plane 
bearing the points; for if such a point did exist, it is clear that the planes 
in which p is reflected would all pass through a point (the center of the 
n-dimensional sphere determined by the points p', p’,- - -, p"** and the point 
p). It follows in this case that no point in R, has the property (*) since the 
orthogonal projection of such a point upon the plane containing p’, 


+, p"** would be a point in this plane satisfying (*). 
If now, we let k = n—1 be the smallest dimension of the plane con- 
taining p', p?,---,p™, then for k << n—1, the mirror planes are all 


orthogonal to this plane and hence do not form a simplex. 


(7) If in the Ry the points pi,° Pn» Pnsr are independent and p is a 
point such that for each integer 2,---n the points pi,° 
Pn» Pnsi, p are dependent, then p = Pns. 

If q, 7, s are three points of the R» such that 


Cranes ug 


7 An analytic proof may be given as follows: Let (w,i, w,i,.--+,at, ,) be the 
coordinates of the points pi, (i =1,2,--+-,n-+1), assumed to lie in an at most 
(7 —1)-dimensional plane whose equation we may write as X,—0. We suppose, 
further, that the points lie on an at most (n—1)-dimensional sphere with equation 


We show that the mirror planes do not, then, form a simplex. If (@,,@y,+ + +5 ,) 
are the codrdinates of the point p, the equations of the planes are 
(w, — w,+)(X, —%(a#, + 2,¢)] 
+ — #4) [X, — (a, + +--+ - +2, [X, — %e,] =0 
1, 2,. 1) 


n-1 


and since the points pi, (t=1, 2,---+-,n2-+1) lie on the sphere = X,? =a? the 
equations may be written k=1 
n 
k=1 


To prove that these planes do not form an n-dimensional simplex it is sufficient 
to note that the determinant of these equations is zero. 


| 

n-1 

= 
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and if 1, * *, pn are n points of the R, such that 

(t= 1, 2,---n) 
then the n points p1,° * *, Pn are dependent, i. e. lie in a (n — 2) dimensional 
plane. 

To prove this property we remark that the n points p; lie on the surfaces 
of three spheres. If they would not lie in a (n —2)-dimensional plane the 
centres of these three spheres would lie on a straight line. The centres q, r, s 
of the three spheres form, however, according to the hypothesis an equilateral 
triangle and hence do not lie on a straight line. 

We shall call a set S of a congruence system equilateral if each two 
couples of points p, g and r, s of S are congruent. Then we see 


(1) The R, does not contain any equilateral (nm + 2)-tuple. 


An important réle in the metrical theory of the euclidean space is played 
by the concept of pseudo-euclidean sets. A set S of a congruence system con- 
sisting of n + 3 points is called a pseudo-euclidean (n + 3)-tuple if S is not 
congruent with a subset of the Rn whereas each n+ 2 points of S are con- 
gruent with n + 2 points of the Rn. We prove first of all the following: 


LemMA 1. If the pseudo-euclidean (n+ 3)-tuple P’ contains n+ 2 
points, n-+-1 points of which are independent (i. e. congruent with n +1 
points of the Ry but not with n+ 1 points of the Rn+) and such that the 
n-+2 points are congruent with n+ 2 points of the pseudo-euclidean 
(n + 3)-tuple Q’ then P’ and Q’ are congruent. 


Let p’1,° p’nss be the n+ 3 points of P’ and q’/1,° +, the points 
P’ns1 are independent. We have then to prove that p’i, p’nis 
(t=—1,---,n-+2). We study first some properties of P’. 

As the set P’ is pseudo-euclidean there exist n + 2 points pi,° °°, Pues 
Pnsz Of the Ry such that 


According to the hypothesis the points *,p’ns1 are independent, i.e. 
do not lie in an (m—1)-dimensional plane. As the points p’:1,- °°, p’nss 
P’nsg are congruent with n-+ 2 points of the R, there exists according to 
property (c’) of the Rn exactly one point pas; of the Rn» such that 
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If p’ns2, p’ns3 Would be congruent with pns2, Puig the n + 3 points of P’ 
would be congruent with the points °°, Pns2, As P’ is a pseudo- 
euclidean set this is impossible. Hence we have 
(3) n+25 P'nss Pn+29 

Let k& be one of the integers 1, 2,---,n,n-+1. There exist n+ 2 
points * * * Pnsiy Pns2, Pnss of the R, such that 


We have ji, * as either of these (n + 1)-tuples is 
congruent with p’s,° and these (n+ 1)-tuples are independent. 

We state now the following preliminary proposition: If p is any point 
such that 

then p is independent of the points pi,° Pests 

In order to prove this proposition we assume that the point p satisfying 
the above mentioned condition is dependent on * * Pr-1y * 
and we deduce a contradiction from this assumption. According to (c”) 
there exists at least one point x and at least one point y such that 

As pis dependent on pi,° * , Px-1s Pnsi it follows from property (h)} 
of the R, thatr—p. As 

it follows from property (h), furthermore, that p= pni2. We have thus 
(5) Ps Pk-15 Dn+15 Dn+25 Pnss 

On the other hand, we have 


and hence according to (4%) and (2) 


AS is dependent on the points *» it follows from 
property (g) of the R, that 
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thus 

On the other hand it foliows from (5) that pais, y and thus, in 
consequence of 

(6) and (%) contradict (3). We have thus proved our preliminary 
proposition. 


Exactly in the same fashion we can prove: If g is a point such that 


then g is independent of pi,° Pr-1, * > 


In consequence of (1) and (2) we have 


The points pase and are thus independent of * 


According to (f’) there exists exactly one point which may be called p*n,. and 
exactly one point which may be called p*,,; satisfying the conditions 


According to property (c”) there exists at least one point p and at least one 


point g such that 


According to (g) the point p is identical with either pnsz or p¥ns2, and q 18 
identical with either pnss or p*nss. As 


le , , 


it follows that either p = and = OF P = aNd = Pnis- 
According to (9g) 


We have thus 


, , 
Dr ns2s Pn+25 Pensa N+29 N+3¢ 
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Hence it is proved for each k (k = 1, 2,- - -n-+ 1) that 


We consider now the pseudo-euclidean (n + 3)-tuple Q’. According to 
the hypothesis we have 


Also the n + 2 points q’1,° - +, q’ns2 of Q’ are congruent with n+ 2 points 
of the R, and there exists exactly one point gnis of the R» such that 


The same arguments which proved that 
prove that also 
From property (1) of the R, it follows that qnis = pniz- Therefore we have 
Q’ is Pis Pnss iy (¢=1,2,---,n+1) 


This is the proposition of the Lemma 1. 
We shall prove now the following: 


THEOREM I ON PSEUDO-EUCLIDEAN SETS. Hach n +1 points of a pseudo- 
euclidean (n + 3)-tuple are independent, i. e. congruent with n+ 1 points 
of the R, but not congruent with n + 1 points of the Ry. 

We prove first of all: If P’ is a pseudo-euclidean (n + 3)-tuple then 
P’ contains at least one independent (n+ 1)-tuple. If all (n+ 1)-tuples 
of points of P’ would be dependent then P’ would be congruent with a subset 
of the Rn, as the Ry», by our inductive hypothesis has the quasi-congruence 
order n+ 1. Then P’ would be a fortiori congruent with a subset of the Rn 
and this is not the case. 

We label the points of P’ so that p’1, +--+, are independent. Let 
* 1 be congruent points of the Rn. They do not lie in a 
(n — 1)-dimensional plane. We form the points (k =1,:--,n+1) 
which were considered in the proof of Lemma 1, for which 


= Pr» P k+15 P n+1> P n+29 P 
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Let us now suppose that the points °° 5 are 
dependent. Then the points pi,° are dependent, 
also. As the points ~i,° °°, Pnsi are independent it follows 
in consequence of property (h) from 


that p*nio = Then paso, Pris S nse, P'ns2, and this contra- 


dicts (3). The assumption has led to a contradiction and we have thus proved: 
If the points +, of the pseudo-euclidean (n+ 3)-tuple 
* * 5 are independent then each of the (n + 1)-tuples pea, 
(kK =1, +, is independent. For reasons 
of symmetry it follows that also each of the 1)-tuples pea, 
(kK 1, 2,-- -, +1) is independent. 
The independence of the (n+ 1)-tuple °°, 


Pests P’ns2, follows from the independence of the points 
Dis Pi-ty in the same way as the independence 
of p'1, °° Peary Pest, follows from the independence of 
°° Theorem I is thus proved. 


Based on Theorem I we may formulate Lemma 1 as the following 


THEOREM II ON PSEUDO-EUCLIDEAN SETS. T’'wo pseudo-euclidean (n +- 3)- 
tuples such that one contains a (n+ 2)-tuple congruent with a (n+ 2)- 
tuple of the other are congruent. 


We prove now the following: 


Lemma 2. If a set consisting of n+ 4 distinct points each n + 2 of 
which are congruent with n + 2 points of the Rn, contains one pseudo-euclidean 
(n+ 3)-tuple it contains at least three pseudo-euchidean (n + 3)-tuples 


(n = 1). 
Let us call p’1,- +, Pnig the n+ 4 distinct points of the set P’ and 
assume that the points p’s,° p’ns3 form a pseudo-euclidean set. P’ con- 


tains n + 4 sets each consisting of n+ 3 points. If n+ 2 of these sets are 
pseudo-euclidean then, as n= 1, the lemma is true. Otherwise there are at 
least two (n+ 3)-tuples each of which is congruent with n-+ 3 points of 
the Rn. We may label the points of P’ so that p’1,° +, and 
5 P’nsty are congruent to euclidean (n+ 3)-tuples. In 
this case we shall prove that there exist besides p’1,- p’ns3 at least two 
pseudo-euclidean (n+ 3)-tuples in P’. 
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First of all, there correspond to the pseudo-euclidean set p’1,° - -, p’nsss 
n+ 3 points Of the Ry» such that 


(3) Pn+25 Pn+3 Pasay 

The points pi,° °°, Pnsi are congruent to n + 1 points of a pseudo-euclidean 


(n + 3)-tuple. According to theorem I on pseudo-euclidean sets they do 
not lie in an (n—1)-dimensional plane. There exists therefore according 
to (c’) exactly one point pn, in the Rn» such that 


(5) Pw Pn+1> Pn+35 Pn+4 P P n+19 P N+39 P N+4e 


From (4) and (5) it follows that 
pi — Pn+4, Pi (4=—=1,- ‘,n+3). 


As the point p’n.s is distinct from the n+ 3 points p’; it follows thus that 
is distinct from the n+ 3 points pj (1. »+3). According 
to property (j) of the R, there exist therefore at least two integers i and 7 
between 1 and n+ 1 such that neither Pi-1, * 5 NOT 
Dis* * 5 Disty* * Pass lie in a (m—1)-dimensional plane. We 


propose now that 


2 , , , 
(4 ) P 19° 5 P P P nis, P n+4 


are the two desired pseudo-euclidean (n + 3)-tuples. 

Let. us show this for the system (6). As each (n + 2)-tuple of (6) is 
congruent with n + 2 points of the R, we have merely to show that (6) is 
not congruent with n + 3 points of the Ry. If we map °°, 
OD * *, Pi-1y Pnsiy then, as these points do 
not lie in an (n—1)-dimensional plane the points p’ns2 and p’nsg in conse- 
quence of (c’) must be necessarily mapped on Pnize and pnsg respectively. 
Hence it is according to (3) impossible to map the n + 3 considered points 
on n+ 3 points of the Ry». In the same way it can be shown that (7%) is a 
pseudo-euclidean (n + 3)-tuple. This completes the proof of lemma 2. 


Lemma 3. If P’ is a set consisting of n + 4 distinct points each n + 2 
of which are congruent with n+ 2 points of the Ry and which contains at 
least three pseudo-euclidean (n-+ 3)-tuples then each (n+ 3)-tuple of 
points of P’ is pseudo-euclidean. 


t, 
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Let us denote by p/1,° * +, p’nsg the n + 4 distinct points of P’ and let us 
label them so that 


are pseudo-euclidean sets. As the (n + 3)-tuples (1) and (2) both contain 
the n + 2 points p’1,° * -, p’nse it follows from theorem I on pseudo-euclidean 


sets that the (n + 3)-tuples (1) and (2) are congruent. In the same way 
one sees that (1) and (3) are congruent. Hence we have 


(4) nse, nes = D nes = nsay 
(5) Vi D nas, pi = pi (a = 1) 
We prove now that the n+ 3 points p’s,° form a pseudo-euclidean 


set. We assume that they are not pseudo-euclidean and deduce a contradiction 
from this assumption. As each n + 2 of the points are congruent with n + 2 
points of the R, it follows from the assumption that there exist n+ 3 
points po,* * Of the which are congruent with the points p’s,° -, 
In consequence of (4) and (5) the n points +, according to 
property (k) of the Ry, are dependent. This, however, is impossible as they 
are congruent with the n points of the pseudo-euclidean (n + 3)-tuple (1) 
and, as no n+ 1 points of a pseudo-euclidean (n + 3)-tuple are independent, 
also each n-tuple of points of (1) is independent. 

Exactly in the same way we could deduce a contradiction from the 
assumption that any other (n-+ 3)-tuple of P’ is not pseudo-euclidean. 
Lemma 3 is thus proved. 

We are now in the position to prove the third fundamental theorem. 
We have to prove that a set S containing more then n + 3 points each n + 2 
of which are congruent with n-+ 2 points of the R, is congruent with a 
subset of the R,. We shall assume that S is a set containing at least n + 4 
distinct points each n + 2 of which are congruent with n + 2 points of the 
R, and deduce a contradiction from the hypothesis that S is not congruent 
with a subset of the Rn. As the Ry has the congruence order n + 3 it follows 
from the hypothesis that S contains a (n + 3)-tuple of points p’s,° - +, p’nss 
which are not congruent with (n+ 3) points of the Rn». Since each n+ 2 
points of this (n + 3)-tuple are congruent with n+ 2 points of the R, it 
follows that they form a pseudo-euclidean (n + 3)-tuple. As 9 contains at 
least n + 4 distinct points there exists a point p’ni4 of S distinct from the 
points The set P’ of the n+ 4 points +, p’nisy p’nss 
contains at least one pseudo-euclidean (n + 3)-tuple: According to lemma 
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2 the set P’ contains at least three pseudo-euclidean (m + 3)-tuples. Accord- 
ing to lemma 3 each (n + 3)-tuple of points of P’ is pseudo-euclidean. 

We prove now that the set P’ is equilateral, i. e. each two pairs of points 
of P’ are congruent. In order to prove that two pairs of points which have 
one point in common are congruent, e.g. that p’ni2, p’nis WE 
remark that the two pseudo-euclidean (n + 3)-tuples 


, 


have the n+ 2 points °°, p’ns2 in common and hence, according to 
theorem II on pseudo-euclidean sets, are congruent. This shows that in 
particular P’nsa- In the same fashion it can be proved 
e.g. that We have thus p’nu, p’nsz 
In the same way each two pairs of points of P’ whether or not they have a 
point in common can be proved to be congruent. The set P’ is thus equilateral. 
In particular each subset of P’ consisting of n+ 2 points is equilateral. 
According to property (1) of the R, this contradicts the assumption that each 
n + 2 points of S’ are congruent with n + 2 points of the Rn. The hypothesis 
leads thus to a contradiction and this completes the proof of the second funda- 
mental theorem. 


3. METRICAL CHARACTERIZATION OF THE EUCLIDEAN SPACES. In this 
last part we deal with subsets of semi-metrical spaces. To each two points 
p,q there corresponds a real number pg = gp > 0 if pq whereas pp = 0. 


For each & points p;, po,* * *, px of a semi-metrical space we denote by 
D (pr, pos’ * Px) the symmetric determinant 

0 1 1 a4 1 

1 0 (pip2)? * (pipe)? 

1 (ppi)? + + + (Pepe)? 


which we also shall denote symbolically by 


0 1 


1 (pips)? (1, 7 = 1, 2,- 
tp) 


The importance of this determinant lies in the fact that if p,, po,- + *, Dx 
are k points of a euclidean space the volume v(p;, p2,* * *, px) of the (k —1)- 
dimensional simplex determined by these & points is given by the volume 
formula 
2 
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Evidently the determinant of k& points is congruence invariant, i.e. if 
* are congruent with po,* px then 


We denote by Pe-1, Px; 7) the function of x which 
we obtain by substituting x in place of the terms (px-:px)? and (pxpxe-+)* in 
the determinant D(pi, px). We may symbolize this function also by 


0 1 1 1 | 

| (pips)? (piper)? (pipe)? | 
D(pr, ? Pk-2> Pk-1; Pk 3 1 (psp)? 0 | 
(pep; )? | 


Remark a. The coefficient of x? in the quadratic polynomial ° 
ts —D(pr, po, pe-2). This follows immediately 
if we develop D according to Laplace. 


The main result of this third part will be the 


THIRD FUNDAMENTAL THEOREM. In order that n+ 2 points pi, 
po, Of a semi-metrical space each n+ 1 of which are congruent 
with n+ 1 points of the Rn be congruent with n + 2 independent points of 
the Rn or with n+ 2 points of the Ry it is necessary and sufficient that 


sign D(p’1, p’2,° = (—1)" or D( p's, p’2,° = 0 


respectively. 


If p’1, p’2,° *, p’nsg are congruent with n+ 2 points pi, pase 
of the Rn,, then D(p’1, p’2,° +, p’nsz) = D( pry Pnsz). According 
to the volume formula (—1)"*?. D(p,, po, Pniz) is identical with the 
square of the volume of the (m + 1)-dimensional simplex determined by the 
points pi, Po,* * *, Pnse (if we neglect a positive factor). As the square of 
this volume is not negative, and is zero if and only if the n + 2 points lie in 
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a n-dimensional plane of the Rn,,1, it follows that the condition of the theorem 
is necessary. 

In order to prove that the condition is sufficient let us assume that 
P’nsg are N+ 2 points each n+ 1 of which are congruent with 
n-+ 1 points of the R, and whose determinant has the sign (— 1)” or is zero. 
We have to prove the existence of n + 2 congruent points of the Rn. which 
are independent or dependent respectively. 

This proposition is trivial in the casen = 0. For D(p’1, p’2)=2(p1p’2) 
Hence p’; and p’, are identical if and only if D(p’1, p’2)=0. In this case 
they are congruent with two points of the Ry (consisting of one point). If 
sign D(p’1, p’2) = (—1)”®, i.e. is positive, then p’:p’s is a real positive number 


9 


and p’; and p’s are congruent with two points of the R; which are independent 
(i. e. not identical). 

We prove our proposition therefore under the inductive hypothesis of 
its truth for n + 1 points, i. e. we make the assumption: If n + 1 points, each 
n of which are congruent with n points of the R»_,, have a determinant of the 
sign (—1)"" or 0 then they are congruent with n-+ 2 independent points 
of an n-dimensional plane of the Rn. or with n+ 2 points of a (n—2)- 
dimensional plane of the R, respectively. We deduce first of all some con- 
clusions from this assumption. 


Lemma 4. If pi, pos* * * 5 Pny Pnsis Pnse lie in an n-dimensional plane of 
the and py, * Pn do not lie in an (n —2)-dimensional plane then 
the equation 

D (Pr; P2s* * * 5 Pns Pnsis ©) = 0 


has the double root x = (PnsiPniz)?- 


Let us denote the polynomial D(p,,° Pniz; by D(x). If we sub- 
stitute the value  =(pnsipn+2)” in D(x) it becomes D(pi,* Pnsis Pnsz)- 
As the n+ 2 points pi, lie in an n-dimensional plane II their 
determinant equals 0, according to the necessity of the condition of the 
third fundamental theorem which already has been proved. Hence 
t= (PniiPniz)” is a root of the equation D(a) =0. In order to prove the 
lemma we have thus merely to prove that the equation D(z) =0 has a 
double root. In order to prove this we remark first of all that the Ra. 
is divided by the n-dimensional plane II into two open parts which may be 
distinguished as the left part and the right part. We determine a sequence of 
points of the left part converging towards the point pn, say p*ns 
(*& =1, 2,- -- ad inf.), and a sequence of points of the right part converging 
towards pns2, SAY (kK =1, 2,- -ad inf.). We consider for each integer 
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k the polynomial D(p,,° pn; &) which may be denoted by 
D*(x). For each & one root of the equation D*(x)=0 is 
If we denote by p*ni2 the mirror image of the point p*n,2 in II, then, in conse- 
quence of remark b, we have 


Hence each zero of the second polynomial is also a root of the equation 
D*(x) =0. <A zero of the second polynomial is %% = (p*niip*nie2)?. As 
nse F P We know then, two roots of the equation D*(x) =0. 
This equation does not vanish identically as 2? has, according to remark a, the 
coefficient D(p1,- Pn) which, is as -,pn are supposed not to 
be in a (m—2)-dimensional plane. The values 2% = (p*n.ip*ni2)? and 
Tx = (P*nsip*nse)” are thus the two roots of the equation D¥(z) —0. As the 
points p*n,. tend towards the point pns2 of II their images in I], i. e. the points 
P*nso tend toward the same point. It follows that lim (a,— a) =0. If we 
denote by Dx the discriminant of the equation D*(x)—0 it follows that 
lim Dy=90. As the points and tend toward pnsi and 

respectively it follows that the polynomials D*(xz) tend toward the polynomial 
D(a). As the coefficient of z? in D(x) equals D(pi, po,- + *, Pn) and hence 
is not zero it follows that the discriminant of D(z) —0 is the limit of the 
discriminants D;. This limit, as we saw, is 0. Hence D(x) —0 is a not 
identically vanishing quadratic equation whose discriminant equals zero and, 
therefore, has a double root. Lemma 4 is thus proved. 


Lemma 5. If +, is a pseudo-euclidean (n+ 2)-tuple then 
sign D(p's,° = (—1)"™. 
There exist, as we know, n+ 2 points pi,° °°, Pn; Pnsiy Pnsz in the Ry 
such that 


According to remark 6 it follows from these relations that 


These polynomials will be denoted by D’(x) and D(z) respectively. The 
points p1,° * *, Pn are congruent with n points of a pseudo-euclidean (n + 2)- 
tuple and hence, according to theorem II on pseudo-euclidean sets, do not lie 
in a (n—2)-dimensional plane. According to lemma 4 the equation 
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D(x)=0 has thus the double root (pnispns2)?. This value is thus a double 
root of the equation D’(z)—0, also. For each other value the quadratic 
polynomial D’(x)== D(x) has the same sign. For large values of x the sign 
of D(x) is identical with the sign of the coefficient of 2? in D(x). This 
coefficient according to remark a equals — D(pi,--*,pn). As the points 
f1,° ° *>Pn do not lie in a (n—2)-dimensional plane it follows from the 
necessity of the condition of the third fundamental theorem which already 
has been proved that sign D(pi,° Pn)—=(—1)". The sign of D(x) and 
D’(«) for each value of x that is different from (Pnsipni2)? is thus (— 
As nse PnsiPnig the lemma 5 is proved. 

We are now in the position to prove the sufficiency of the conditions of 
the third fundamental theorem. Let us assume that p’1,- °°, p’nse are n + 2 
points each n+ 1 of which are congruent to n+ 1 points of the Ry and 
such that 

sign D(p'1,° = (—1)” or 0. 


We have to prove that there exist n-+ 2 congruent points in the Rn, in- 
dependent or lying in a n-dimensional plane respectively. 

According to the hypothesis on D(p’1,: - -, p’nsz) it is impossible by the 
lemma that the n+ 2 given points form a pseudo-euclidean (n + 2)-tuple. 
If each n+ 1 of our n+ 2 points are congruent with »-+1 points of the 
Rn+ then the n + 2 points are thus congruent with n + 2 points of the Rn. 
and a fortiori with n + 2 points of the Rn. (This case evidently can only 
happen if D(pi,° 0.) 

We may thus asssume that n + 1 of the n + 2 points are not congruent 
with n+ 1 points of the let us say p’1,° °°, There exist n+ 1 
congruent points p1,° °°, Pasi in an n-dimensional plane II of the Rn. The 
points pi,°**, pn lie in a (n —1)-dimensional plane II* but not in a (n — 2)- 
dimensional plane. As each n+ 1 of our n+ 2 points are congruent with 
n-+ 1 points of the Ry there exists at least one point p in II such that 


If we rotate p in the Rn,; around the (n — 1)-dimensional plane I* the path 
of p is a circle perpendicular to II*. The circle has the radius O, i.e. 
degenerates in a single point, if and only if the point lies in II*, and hence 
if and only if the points p’1,: + +, p’n, p’nse are congruent with n + 1 points 
of a Rn+. If this is not the case then the circle has exactly two points Pnss 
and Pn in common with II. As ns: does not lie in II* we have 


PnsiPnse F Pnsipns2 and we assume the notation such that 
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< Pnsipn +2¢ 


Let us now assume that D(p’1,° --,p’ns2)—=0 and prove that there 
exist n + 2 points congruent with p’,,* + -, p’ns2 in the n-dimensional plane II. 
We distinguish two cases. First it may be that the points p’1,° °°, p’n, P’nse 


are congruent with n+ 1 points of the Rn.+. We form then the above men- 
tioned points pi,° * *, Pn; Pnsi, p and know that p lies in II*. Thus p,,°: -, 
Pn; p lie in the n-dimensional plane II whereas Pn do not lie in 
a (n—2)-dimensional plane. According to lemma 4 the equation 
D (pr, * * Pny P; =O has the double root x =(pniip)*. According to 
remark 6 the polynomials D(p’1,- p’n, ©) and D(pi,* pn; 
Pnsiy Pnsz3%) are identical. Hence x=(pniip)* is also the double root of 
the first of these polynomials which may be denoted by D’(xz). From the 
hypothesis that D(p’1,° +, p’ns1) 0 it follows that 2 =(p'np’nsi)* is a root 
of the equation D’(z)—0. The equation D(x)—0 does not vanish indenti- 


cally as the coefficient of x? is —D(p’1,- p’n)—=—D(pi,: pn) and 
this is not zero as the points p;,° - -, pn do not lie in a (mn — 2)-dimensional 
plane. It follows that and hence the n+ points 
*5 are congruent with the n + 2 points pi,° Pau, p of 
the n-dimensional plane II. 

The second case is that the points p’1,° * *, p’ns2 are not congruent with 
n-+1 points of the Rn+. In this case and 
are two solutions of the equation D(pi, Pn, p3 For 
if we substitute these two values we get the determinant of n+ 2 
points of the n-dimensional plane II, viz. D(pi, Pn, Pniiy and 
D(pi, *5 Pny Pnsty Prez) Yespectively, which are both equal to: zero. Ac- 
cording to remark b the above mentioned equation is identical with the equa- 
tion D(p':, pny 2) A root of this equation is 
t= for if we substitute this value we get D(ps, 


which is zero, according to the hypothesis. It follows that p’nsup’n.2s equals 
either PnsiPnsz OF Hence the n+ 2 points ° °°, p’nsi, are 


congruent with either pi,° °°, or With *, PnsiPn+e and thus 
in either case, congruent with n + 2 points of the n-dimensional plane II. 
Let us assume now that sign D(p’1,° p’nsz) = (—1)" and prove that 


there exist n + 2 independent points of the Ry». which are congruent with 
* We form again the points Pnse and consider 
the polynomial D(p’1,- p’ns1, p’nsz3 ©) Which may be denoted by D’(z). 
According to remark } the three polynomials 


D’(2), D(p:,° 5 Dn+2 3 L), D (p15 ° Pn+i> 
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are identical. A zero of the second is  =(PnisPniz)”, a zero of the third is 
r= ( PurtPare)*- These two numbers, the first of which has been assumed 
to be smaller than the second, are thus roots of the equation D’(2) = 0, also. 
The coefficient of z? in D’(r) is and thus equals 
As the n points +, pn do not lie in a (n—2)- 
dimensional plane their determinant is not zero and has the sign (—1)”. The 
coeflicient of z? in D’(x) has, therefore, the sign (—1)"** and this is the 
sign of D’(x) for large values of a As D’(a) is a quadratic polynomial 


with the two different zeros (Pnsifins2)? and (PnsiPns2)? we conclude: 


For sign D’(a) = (—1)"* or 0. 
For (Pnsipinse)? sign = (— 
For t= sign D’(x) (—1)™ or 0. 


It follows thus from sign D’(x) = (— 1)" that << < (Pasipnsz)- 
We have supposed that sign D(p’1,- p’nsis p’nsz) = (—1)". That means 
that D’(x) for 2 = (p’nsip’ns2)” has the sign (—1)". We have thus proved: 


and hence 


Pnsipnse < n+2 Pn+1Pn+2- 


Let us now consider the above mentioned circle obtained by the rotation 
of p around the (n — 1)-dimensional plane II* and perpendicular to I. The 
nearest point to pn: on this circle is the point pni2. If we move on the circle 
from this point toward the point pn. then the distance from pn.. increases 


continuously till it attains its maximum in the point Dnse which is the remotest 
point from pn. on the circle. In consequence of the inequality (*) there 
exists a point on the circle which we shall call pniz, such that Pnsipnee 
= P'nuip’ns2 This point is identical neither with jnsz not Pas and hence 
does not lie in the n-dimensional plane Il. The n-+ 2 points pi, pro, ° 
Pnsi> Pnse are thus n+ 2 independent points of the Ras, congruent with the 
n+ 2 given points p’1,° The proof of the third fundamental 
theorem is thus completed. 

It follows from the proof that under the hypothesis, sign D(p’1,°** , p’ns2) 
—=(— 1)" there exist n + 2 independent points of the Rn: congruent with the 
points p’1, °° *, p’ns2 if we merely suppose that two of the (n + 1)-tuples 
which have in common n points not congruent with n points of the Rn-2 are 
congruent with (m + 1)-tuples of the Rn. 

We have proved lemma 5 for pseudo-euclidean (n + 2)-tuples under the 
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hypothesis that the third fundamental theorem is true for (n + 1)-tuples, 
From the third fundamental theorem we may conclude, therefore, the following 


THEOREM 3 ON PSEUDO-EUCLIDEAN SETS. The sign of the determinant 
of a pseudo-euclidean (n + 3)-tuple is (—1)”. 


A set consisting of n + 3 points each n + 2 of which are congruent with 
n + 2 points of the Rn has been called pseudo-euclidean if it is not congruent 
with a subset of the Rn. From theorem 3 it follows immediately that such 
a pseudo-euclidean set is not congruent with a subset of the Rn, or the Rnys 
either. We see thus, that a pseudo-euclidean set is not congruent with a sub- 
set of any euclidean space or even of Hilbert space. Another corollary of 
theorem 3 is that no proper subset of a pseudo-euclidean set is pseudo- 
euclidean. 

An immediate consequence of the second and third fundamental theorem 
is the following 


METRICAL CHARACTERISATION OF EUCLIDEAN SETS. In order that a semi- 
metrical space S be congruent with a subset of the Rn it is necessary and 
sufficient that, if S contains more than n+ 3 points, for each integer 
kSn-+1 and for each k-tuple of points px of 


sign D(pi,° +, px)—=(—1)* or 0 


and that the determinant of each n + 2 points of S vanishes. If S contains 
exactly n+ 3 points pi, it is necessary and sufficient for the 
congruence of S with a subset of the Ry that besides these conditions 
D(pi,* * Pues) = 9. 


Some further details whose proofs have been given in other papers may 
be mentioned in terminating this article. As to the pseudo-euclidean qua- 
druples it has been proved * that they are characterized among the semi- 
metrical spaces consisting of four distinct points pi, po, ps, ps by the relations 


Pipe = Pips = Pe2P, Pips = P2Ps = Pipe + Pips. 


It has been shown,+ furthermore, that the facts concerning pseudo-euclidean 
quadruples as well as concerning the congruence order 4 and the quasi con- 
gruence order 3 of the R, are merely special cases of theorems of abstract 


groups. 


*Cp. Menger, Mathematische Annalen, Vol. 100, p. 126. 
+ Cp. Menger, Mathematische Zeitschrift, Vol. 33, p. 126. 


if 
3 
4 
| 
| 
| | 


NEW FOUNDATION OF EUCLIDEAN GEOMETRY. 745 


The theory of pseudo-euclidean (n + 3)-tuples in general is connected * 
with the theory of certain Cremona transformations of the Rn. In the case 
n = 2 the theory of the isogonal transformations of the plane is applied. It 
follows from facts concerning isogonal transformations in particular + that 
in a pseudo-euclidean quintupel not only no three points are congruent with 
three points of the straight line but, furthermore, that no four points are con- 
gruent with four points of a circle. 

In order that a metrical space S be congruent with a subset of the 
Hilbert space it is necessary and sufficient { that S be separable (i. e. contains 
a dense subset which is denumerable) and that for each integer & and for 
each k points px of S 


sen D(pi,° +, pe) = (—1)* or 0. 


It is remarkable that the condition of separability cannot be omitted whereas 
it was not necessary to postulate it in the euclidean case. 

The condition sign D(p,, po, ps) =—1 or 0 is equivalent to the so 
called triangle-inequality. Its being valid for each three points of a semi- 
metrical space is thus characteristic for the metrical spaces. It has been 
proved § that in a complete metrical space which is convex { and exteriorly 
convex there exists for each two distinct points p and q a subset containing 
p and q which is congruent with the straight line. It follows || that among 
the semi-metrical spaces satisfying the conditions which are characteristic for 
the subsets of the R, the FR, itself is characterized by the properties of being 
complete, convex, exteriorly convex and containing n + 1 points which are not 
congruent with n + 1 points of the Rn. 

The F, has been proved ** to be the only metrical space which is convex, 
exteriorly convex, complete, and has the quasi-congruence order 3. 


THE RIcE INSTITUTE, 
Houston, TEXAS. 


* Cp. loc. cit. *, p. 126. 

f Cp. loc. cit. *, p. 127. 

t Cp. Menger, Wien. akad. Anzeiger, 1928. 

§ Cp. loc. cit. *, p. 87. 

{| Cp. loc. cit. *, p. 81. A metrical space is called convex or exteriorly convex 
provided that it contains for each two distinct points p and q a point s distinct from 
p and q and such that ps + sq = pq or pq + qs = ps respectively. 
|| Cp. loc. cit. *, p. 140. 

** Cp. Menger, Wien. akad. Anzeiger, 1931. 


ts 
rt 
i 
h 
n 
| 
| 
| 
| 
| 
{ 


NOTE ON THE GREEN FUNCTION OF A STAR-SHAPED THREE 
DIMENSIONAL REGION.* 


By J. J. GERGEN. 


1. Introduction. The object in this note is to prove the following 
theorem. 


THEOREM. Suppose that the region + D in the (x, y, 2) space is star- 
shaped { with regard to the origin O, and that g(z, y, z) is the Green func- 
tion § of D with pole at O; then at every point in D—O the square of the 
gradient 


(V9)? = + gy? + 


of g satisfies the condition 


(1.1) (Vy)? = g2/r? > 0 


* Preliminary report presented to the American Mathematical Society, December 
30, 1930. The numerals in bold-faced type in this paper refer to the following treatises 
and papers: 
1. Carathéodory, C., Vorlesungen iiber Reele Funktionen, Leipzig (1927). 
2. Gergen, J. J., “ Mapping of a General Type of Three Dimensional Region on a 
Sphere,” American Journal of Mathematics, Vol. 52 (1930), pp. 197-224. 
3. Kellogg, O. D., “On the Classical Dirichlet Problem for General Domains,” Pro- 
ceedings of the National Academy of Sciences, Vol. 12 (1926), pp. 397-406. 


4, ——_——-, “ Recent Progress with the Dirichlet Problem,” Bulletin of the Ameri- 
can Mathematical Society, Vol. 32 (1926), pp. 601-625. 
5. —————,, “On the Derivatives of Harmonic Functions on the Boundary,” Tvrans- 


actions of the American Mathematical Society, Vol. 33 (1931), pp. 486-510. 
6. Liapounoff, M. A., “Sur certaines questions qui se rattachent au probléme de 
Dirichlet,” Journal de Mathématiques (Liouville), Vol. 40 (1898), pp. 241-311]. 
7. Neumann, E. R., Studien iiber die Methoden von C. Neumann und G. Robin fur 
Lésung der beiden Randwertaufgaben der Potentialtheorie, Leipzig (1905). 
8. Osgood, W. F., Lehrbuch der Funktionentheorie, Vol. 1, Berlin (1907). 
+ By a region is meant an open continuum. 
¢ A region or, in general, any set of points HZ is star-shaped with regard to a point 
O when, and only when, each line segment joining O to a point in E lies entirely in H. 
§ The Green function of an arbitrary star-shaped region may not exist in the 
ordinary sense. In the theorem we understand by g the generalized Green function 
of D. The generalized Green function is, of course, identical with the ordinary one in 
ease the latter exists. For the definitions and properties of the generalized Green 
function, and also for a discussion and set of references on the Dirichlet problem, see 
Kellogg 3 and 4. In these papers Kellogg considers, in general, only regions whose 
boundaries are bounded point sets; but no such restriction is necessary in his defini- 
tion and proof of the uniqueness of the generalized Green function. 


746 


| 
| 

| 

| 

| 

| 


GREEN FUNCTION OF A DIMENSIONAL REGION. 47 


where r=(2? + y? + 27), the inequality holding throughout D—O unless 
g —1/r vanishes identically there.* Furthermore, for every positive constant 
c, the region t determined by the inequality g > c is star-shaped with regard 
to O. 

This theorem has, as corollary, that the Green function corresponding to a 
convex, three dimensional region, and arbitrarily assigned pole has a non- 
vanishing gradient. This fact was conjectured and mentioned to the author 
by Professor Morse; and it was in an attempt to prove this conjecture tenable 
that the theorem was established. 

In connection with these results it should perhaps be recalled that, in con- 
trast with the corresponding situation in two dimensions,{ the gradient of 
the Green function of a simply-connected three dimensional region may vanish 
at points in the region. The importance of these results is, then, that they 
furnish a partial answer to the general question as to what conditions on a 
region and the position of the pole are sufficient to insure the absence of equi- 
librium points of the Green function corresponding to that region and pole. 
The theorem gives us, of course, more information about the Green function 
of a star-shaped region than that its gradient is non-vanishing. Incidentally, 
the inequality (1.1) is the best possible, in the sense that, if D is the whole 
of space, so that g =1/r, we have 


(V9)? 
throughout D— O. 
The proof of the theorem depends largely on three facts: 
(i) If the frontier d of D is a bounded, regular, analytic surface, then 
each of the partial derivatives gz, gy, g:, of g coincides in D with a function 
which is continuous in D+ d—0O. 


(ii) The function 
u(x, y,2)— = + ygy + 292 
is harmonic in D — O. 
(iii) If f(Q) is defined { and lower semi-continuous for Q on a sphere o, 
and if 
f(Q)= 


*In this exceptional case D is, of course, equivalent to the whole of space, in the 
sense that its generalized Green function is the same as the Green function of the 
latter. 

+ This region, by definition, contains the point O at which g = %™, 

+ Cf. Osgood, 8, pp. 588-590. 

§ For an example illustrating this fact, see Gergen, 2, pp. 198-200. 

{ We admit here as a possible value of f the value ~™. 
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where # is independent of Q, then a sequence {¢n(Q)}, n=—1, 2,:° °°, of 
functions ¢n(Q), continuous on a, can be so defined that 


(1. 2) BS $1(Q)S o2(Q)S*  -SF(Q), 
(1. 3) lim f(@). 


The truth of (i)* and (iii) is well known, while (ii) can be verified 


by differentiation. 


2.1. Lemmas. To establish the theorem we first prove two lemmas rela- 


tive to D, g, and u. 
Lemma 1. If D ts bounded, and star-shaped with regard to O and tf the 


boundary d of Dts a regular, analytic surface, then 
(2. 11) y,2)<—g(e, y,2) 
in D—O.f 
To prove this, consider the function w(2, y, z). defined as 
w=uty 


in D—O. By (ii), wu is harmonic in D— O, and thus, since g is harmonic 
there, w has the same property. Further, by (i), w is continuous in 
D + d—O, when defined on d by means of its limiting values. Hence, since 
g vanishes continuously on d, w is continuous in D + d—O, when properly 
defined on d. Finally, since g has the form 


g =1/r+ y, 2), 
where v is harmonic in D, we have 
W=U + + + 2025 


and it follows that w is harmonic at O, when defined as v(0, 0, 0) there. Thus 
w is harmonic in D and continuous in D+ d. ‘To show, then, that (2.11) 
holds, it is enough to prove that w is never positive on d. 


* Cf. Liapounoff, 6, pp. 305-311, and Neumann, 7, p. 178. Liapounoff proves that 
the partial derivatives of g have the property stated for a much more general type of 
boundary, provided also that the Neumann principle is applicable to the boundary. 
Neumann proves that the principle in question is applicable to boundaries of a very 
general character, in particular, to boundaries of the type specified above. For a state- 
ment of the Neumann principle, see Liapounoff, p. 268. See also Kellogg, 5. Kellogg 
considers the boundary values of the partial derivatives of all orders of harmonic 
functions. He obtains results which include (i) as a particular case, 

7 For a proof of (iii) see Carathéodory, 1. 

t It is classical that the ordinary Green function exists for regions of this type. 
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Let P1(%, 41, 21) be any point on d. Then, since D is star-shaped with 
regard to O, and d is an analytic surface, the segment OP, lies entirely in D, 
except for its extremity P;. Thus we have 


w (2, 1, z,)= lim nY1; nr). 
n->1-0 
But this is evidently 
w (a1, Y15 lim U( Hrs, NY 15 na); 
n-1-0 


since g vanishes on d. Accordingly, 


9s, { OP, | \ 
n->1-0 


=| OP, | im, { [ag/or) 
n>1-( 


2=N21 


Now, since the limit on the right here exists, and since g is positive in D and 
vanishes continuously on d, we must have w(%, 41, 2:)=0. This completes 
the proof of the lemma. 


2.2. Lemma 2. An infinite sequence {Dn}, n=1, 2,- of bounded 
regions Dn can be so constructed that 


(a) 
(b) Dy + Dy Das ed, 
(c) the boundary dn of Dn is a regular, analytic surface, 


(d) Dn is star-shaped with regard to O. 


The proof rests on (iii). Consider a point Q on the unit sphere o about 
O. The ray y(Q) through Q, issuing from 0, either fails to pierce d or else, 
since d is closed, there is a first point, starting from O, of intersection of y (Q) 
with d. At each point Q of a, then, let f(Q) be defined as the distance from 
O to this first point of intersection if y(Q) pierces d, and as o otherwise. 

The function f, we observe, is lower semi-continuous on «, for d is closed. 
Moreover, since O is a point of D and D is open, there is a number R >0 
such that 

f(Q)ER 


for Q ono. Hence, by (iii), we can find a sequence {¢n(Q)}, n=1, 2,° °°, 
of functions $n(Q)= ¢n(z, y, 2), continuous on a, such that (1.2) and (1.3) 
hold. 

Now, since ¢n(Q) is continuous, there exists a function 
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Yn(P)= y, 2) 


which is harmonic in the interior >} of o, continuous in ¢ + 5S, and which 
assumes the value ngn(Q)/(n +1) at each point Q of o. 

By means of w» we define Dn. We choose rn < 1 so near to one that, if Q 
is any point on o and P the point of intersection of OQ with the sphere op 
of radius 7» about O, 


(2. 21) | Yn(P)— | < B/(4n)?; 

and we define D» as the set of points determined by the inequality 
yrn/?, 

A point P belongs to Dn, then, when, and only when, 

(2. 22) | OP | < 


where P’ is the point of intersection of OP, or OP extended, with on. The 
set Dy is, we observe, not null, for, if P(z, y, z) be any point on on, 


¥n(P) > Wn(2/Tn, z/1n)— R/(4n)? 
= y/tn, + 1)—R/(4n)? 
> 7B/16, 


so that D» contains all the points in the interior of the sphere of radius 72/16 
about O. 

Now plainly Dn is bounded, open, and star-shaped with regard to 0. 
Moreover, since the boundary d» of D» is represented by the equation 


hn (2, 2) = YTn/T, = O, 


and since 0hn/@r =1 and wm is harmonic and therefore analytic in }, dn is a 
regular analytic surface. It remains, then, to prove that (a) and (b) hold. 

Consider (a). Let P be any point of Dn, and Px, Q the points of inter- 
section of OP, or OP extended, with ox and o, respectively. By (1.2), (2.21) 
and (2. 22), 


| OP | < Yn(Pn) < ngon(Q)/(m + 1)+ B/(4n)? < on(Q), 


whence 

(2. 23) | OP | < f(Q), 

and | OP | < nona(Q)/(m + 1)+ B/(4n)? 
<(n 1) 2)— R/4(n + 

whence 


(2. 24) | OP | < (Pris). 
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From (2. 23) it follows that D, is contained in D, and from (2.34) that Dn 
is contained in Dn,1. 

As for (b), we have, if P is any point of D and Q the point of intersection 
of OP, or OP extended, with o, 


| OP | < f(Q), 


since D is star-shaped with regard to O. But, denoting by Px the point of 
intersection of OQ with ox, we have also, by (1.3), 


‘Tim Yo (Pn)—lim $n(Q)—f(P). 
Hence, for n sufficiently large, 
| OP | <Yn(Pn), 
and so D, contains P. This completes the proof. 


3. Proof of the theorem. As a consequence of Lemmas 1 and 2 the 
proof of the theorem is almost immediate. Let gn(2, y, z) be Green’s function 
of D,» with pole at O. Then gn—g tends to zero with 1/n in D—O,* the 
convergence being uniform in any closed subset of D—O. Moreover, because 
of this uniform convergence, 


Un = + + ZQnz 
tends to 
U= + + 292 


in D—O. Accordingly, by Lemma 1, 


in D—O. But, by the reasoning of Lemma 1, u +g is harmonic in D and 
thus 
(3. 1) 


in D—O unless 
u+g=0 


throughout D—O. This equation is, however, equivalent to the equation 
ut g=v+ ave + yry +2ve=0, 
where v is harmonic in D and given by 


v=g—lI/r 


* Cf. Kellogg, 3, p. 398, and the fourth footnote of this paper. 
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in D—O; thus (3.1) holds unless 
v(0, 0, 0)=0. 


This is possible only when v vanishes throughout D,* and thus (3.1) holds 
unless g reduces to 1/r. 

Now 
(3. 2) g>9 
in D—O, and 

(age + + 292)? S (Vg)? 
there; hence 
(V9)? > 0, 
the inequality holding unless g reduces to 1/r. This is (1.1). 

To complete the proof, we observe that (3.1) and (3.2) imply that the 
directional derivative of g in the direction of O at any point in D—O is 
positive. Hence, if c is any positive constant and P, any point in the region 
g >c, 9(P)>c on the segment OP,. Thus the region g > is star-shaped 
with regard to O; and the theorem is proved. 


HARVARD UNIVERSITY. 


* See Kellogg, 5. We have 
= ifr + 
where v, <0 in D,, 
v= lim »,. 
n->CO 
Hence v <0 in D, and therefore cannot vanish in D unless it vanishes throughout D. 
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A JUNCTION PROPERTY OF LOCALLY CONNECTED SETS. 
By G. T. WHysBurn. 


1. Let M denote a connected and locally connected metric space. In 
this paper it will be shown that if K is any compact subset of such a set M, 
there exists a subset H of M which is dense in K (i.e. every point of K 
either belongs to H or is a limit point of H-K) and is the image under a 
uniformily continuous transformation of the set of all dyadic rational numbers 
on an interval. This proposition yields a number of important consequences, 
some of which will be discussed in the concluding section (§ 4) of this paper. 
In particular, it yields as a corollary the celebrated theorem of Hahn-Mazur- 
kiewicz that any compact space M is the continuous image of an interval, 
and it enables one to deduce the recent Moore-Menger theorem on the arewise 
connectivity of complete spaces M from the well known theorem that com- 


pact spaces M are arewise connected. 


2. Lemma. If F ts any finite subset of M, any two points a and b of F 
can be joined, for every « > 0, by an e-chain* of powts containing F and 
each pair of successive points of which lie together in an e-region* of M. 
For let the points of be a= py, po, Now we can join 
pi and pz by an e-chain each pair of successive points of which lie together 
in an e-region of M. For this purpose it is only necessary to join p; and pez 
by a simple chain ¢ of ¢«/2-regions and take one point from each link in this 
chain. Similarly we join p2 to ps; by such a chain of points, and then join 
ps to ps, and so on until we reach pn. Then clearly the sequence of points 
taken in the order in which they are obtained in this complete process is an 
e-chain of points from a to b which contains F and is such that any two 


successive points lie together in an e-region of M. 

3. THEOREM. If K 1s any self-compact subset of M, there exists a sub- 
set H of M which is dense in K and which is the image under a uniformly 
continuous transformation of the set of all dyadic rational { numbers on the 


unit interval. 


* An e-chain of points joining a and 6 is a finite sequence a= X,, X,,---, X, 
=b of points such that each pair of successive ones are at a distance <e apart. 
A region in M is any connected open subset of M, and an e-region is any region of 
diameter < «. 

7+ See R. L. Moore, “On the Foundation of Plane Analysis Situs,” Transactions 
of the American Mathematical Society, Vol. 17 (1916), Theorem 10. 

t That is, all numbers on (0,1) which can be written as fractions having powers 
I. Bendixson: 
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Proof. Since K is compact and metric it is therefore separable. Let 


P =>} pi be a countable set of points in K which is dense in K and, for 
1 
n 
each integer n, let Pn—= pi. Let a1, be a sequence of positive 
1 
fo, 
numbers such that 3} ¢; converges. 


It follows by the Borel Theorem that K is contained in the sum of 
a finite number of ¢,/2-regions of M; and if we choose one point of P in 
each of these regions and take an integer n, greater than the subscript of any 
of the points so chosen, then every point of K lies in an ¢,/2-region with 
some point of Pn, Now let a and b be any two points of M@. By the lemma, 
§ 2, there exists an «,/2-chain C* of points from a to b which contains P», 
and is such that any two successive points lie in an ¢,/2-region and which, 
furthermore, we may suppose contains exactly 2%-++ 1 points 


Similarly, with the aid of the Borel Theorem, it follows that there exists 
an integer m2 = m, such that every point of K lies in an e2/2-region with some 
point of Pn, For each integer 1, 01 2%, let F;* be the set of all those 
points of P», which lie together with X;' in an «,/2-region. Since C* con- 
tains P»y,, it follows that every point of Pn, belongs to some set Fj’. Now 
for each i, there exists an «-region which contains X;* + + 
because each point of F;* + X*i,1 lies together with X;' in some ¢,/2-region. 
Since the region M;* is itself a connected and locally connected space, it 
follows by the lemma that M;* contains an e2/2-chain C;' of points from X;* 
to X%;,, which contains /’;* and is such that any two successive points lie 
together in a e2/2-region. Furthermore, we may suppose that all these chains 
[C;+] contain the same number, say 2%-+ 1, of points which we denote by 


Clearly the chains [C;1] taken in order form an ¢2/2-chain C? from a@ to 6 
which contains all points of Pn, and is such that any two successive points 
lie together in an ¢2/2-region. 

Let us continue in this manner. In general, for each k, we choose an 
integer mm = mx-1 such that every point of K lies in an «,/2-region with some 
point of Py, For each 1, 0 SiS let be the set of all 
points of Pn, which lie together with X;** in an «&1/2-region. Then there 
exists an «-.-region M;** containing X;** + + By the lemma, 
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M;** contains an ¢,/2-chain C;** from X;** to which contains all points 
of F;** and is such that any two successive points lie together in an «/2- 
region. We may suppose that all these chains [C;**] contain the same 
number, say 2%-+ 1, of points. Clearly, then, these chains [C;**], taken 
in the order C.*?,:- -, form an «¢/2-chain C* of points 
from a to b which contains Pn, and is such that any two successive points 
lie together in an «&/2-region and which consists of exactly 2%*¥*--- + + 1 
points : 


Furthermore, in this notation we have always: 


Now let D be the set of all dyadic rational numbers on the interval (0, 1) 
and let ¢ be any number of D. Then for some & we can write 


To this value of ¢ we make correspond the point X;¥ and write T(t)—= Xi*. 
Thus we define the transformation 7 over D. It is a consequence of (i) 
that 7 is single valued on D. Furthermore 7 is uniformly continuous on D, 
as is seen by identically the same argument as given for a similar purpose 
in the author’s paper “ Concerning continuous images of the interval.” * 


Finally, let H =T(D). Then since H = > 0” and for each n, C" D Pn, 
1 


== > pi, it follows that H > ps =P; and since P is dense in K, therefore 
H is dense in K. This completes the proof. 

4. Consequences of §3. (a). Suppose that the set M as above treated 
is a subset of some complete space. In this case it follows that since D is 
compact, so also is H. And since 7 is uniformly continuous on D, it is well 
known that the definition of 7 can be extended to the limit points of D in 
one and only one way so that the extended transformation is single valued 
and continuous on D—(0,1). Thus H is the continuous image of an 
interval, and therefore it is a compact locally connected continuum. Ob- 
viously H contains K. Hence we have shown that if the connected and 
locally connected set M is a subset of some complete space, then every self- 


* This Journal, Vol. 53 (1931), p. 673. Much similarity will be noted between 
the entire argument in the present paper and that in the paper here referred to. 
The latter in turn is very similar to an argument employed by Hahn in Wiener 
Berichte, Vol. 123 (1914), p. 2436. 
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compact subset K of M les in a compact locally connected continuum which 


is a subset of M. 
(b). Suppose M itself is compact. Then we can take K — WV and thus 


we have HM. Then by the reasoning given under (a), we see that M is 
the continuous image of an interval: Thus we obtain the Hahn-Mazur- 
kiewicz * theorem as a corollary to our proposition in § 3. 

(c). Suppose M itself is complete. Then, treating M as the space, we 
have HC M=WM. Thus by (a) we have that any self-compact subset K of 
a connected and locally connected complete space M is contained in a compact 
locally connected continuum which is a subset of M. 


Thus, using the well known theorem that any compact locally connected 
continuum is arcwise connected (i.e. any two of its points are the extremities 
of a simple arc lying in it), we obtain the stronger proposition of Moore- 
Menger + that any connected and locally connected complete space is arcwise 
connected. Indeed, using (a), we obtain an even stronger result which may 
be stated as follows: If M ts any connected and locally connected subset of 
a complete space, then every two points of M can be joined by a simple con- 
tinuous are lying wholly in M. 

It is to be noted, however, that this stronger result is a consequence also 
of some results of Menger’s obtained in his article just referred to. 


(d). By (a) we know that any complete space which contains a non- 
degenerate connected and locally connected set must contain compact locally 
connected continua and hence must contain simple continuous ares. Thus in 
particular, a compact continuum which contains no are} can contain no 
non-degenerate connected and locally connected set. Since a continuum which 
is hereditarily locally connected, i.e., a continuum every subcontinuum of 
which is locally connected, has § the stronger property that each of its con- 
nected subsets 1s locally connected, we remark that the arcless continua and 
the hereditarily locally connected continua are diametric opposites not only 
as regards their subcontinua but also with respect to their non-degenerate 
connected subsets. 


THE JOHNS HOPKINS UNIVERSITY. 


* See Hahn, loc. cit., and Mazurkiewicz, Fundamenta Mathematicae, Vol. 1 (1920), 
p. 166. 

7 See R. L. Moore, Bulletin of the American Mathematical Society, abstract, 
Vol. 33 (1927), p. 141; and K. Menger, Monatshefte fiir Mathematik und Physik, 
Vol. 36 (1930), p. 210. 

t For examples, see Knaster, Fundamenta Mathematicae, Vol. 3 (1922), p. 247, 
and Whyburn, this Journal, Vol. 52 (1930), p. 319. 

§ See R. L. Wilder, Proceedings of the National Academy of Sciences, Vol. 15 
(1929), p. 616. 
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ON THE ANALYTICAL EXTENSION OF FUNCTIONS DEFINED 
BY FACTORIAL SERIES.* 


By Howarp K. HuGHEs. 


1. Introduction. In this paper we shall be concerned with the two kinds 
of infinite series known, respectively, as “factorial series of the first kind” 
and “ factorial series of the second kind.” A factorial series of the first kind 


is a series of the form 


@) 
while a factorial series of the second kind is one of the form 
= z—l1 
(2) arn(2—1)(2—2)-- (2—n)/n! = > an ( ). 
n=0 


In each case z represents a variable, real or complex, and the coefficients 
do, U1, * * are independent of z. 

Series of form (1) are of fundamental importance in the study of the 
solutions of difference equations, and play a role which is analogous to that 
played by power series in expressing the solutions of differential equations. 

On the other hand, series (2) is of less value in function theory since 
the representation of a given function f(z) in such a series is sometimes 
possible in more than one way.t However series (2) frequently enters in 
problems in interpolation, it being seen that the coefficients a, are equal to 
the successive differences of the function f(z) at the point z= 1. 

Factorial series apparently made their first appearance in the work of 
Newton and Stirling. They were used by Schlémilch about the middle of the 
nineteenth century in connection with studies concerning definite integrals. 
Nevertheless, it is not until recent years that a critical study has been made 
of the series in question particularly as to their convergence and analytic 
properties. This has been accomplished in large measure by Bendixson, Niel- 
sen, Landau and Norlund. A list of papers relative to such investigations 
will be found in the Bibliography. Still more recently, H. Bohr has discov- 
ered some results concerning the summability of series (1). Norlund has 
investigated further the possibility of developing a given function f(z) in 


* Presented to the American Mathematical Society at Chicago, April 4, 1931. 
+See, for example, Nérlund (5), pp. 224-226. (Bibliography at end of article.) 
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factorial series of both kinds, and has also discovered some noteworthy results 
on the analytical extension of functions defined by such series. He has 
employed extensively factorial series of the first kind in determining the solu- 
tions of linear difference equations. Moreover, certain generalized forms of 
series (1) and (2) have been studied by Pincherle, Carmichael, Fort, and 
others. 

The object of this paper is to obtain new results pertaining to the analyti- 
cal extension of a function such as is defined by series (1) or (2). As has 
been shown by Nielsen, the region of convergence of a factorial series is, in 
general, a half-plane, lying to the right of a vertical line in the z complex 
plane, this line being called the boundary line of convergence. Our problem 
is to extend analytically into regions to the left of the boundary line of con- 
vergence the function defined by such a series, the series itself being regarded 
as given. 

Chapter I is expository, and sets forth some of the fundamental facts 
concerning factorial series as discovered by Nielsen, Landau, and others. We 
include also a brief discussion of the results already noted by Norlund on the 
analytical extension of such series. Chapter II is devoted to results on 
analytical extension which are believed to be new, these results being embodied 
in three theorems. As to the methods employed, the proof of Theorem I 
rests upon the properties of a certain definite integral, while the proofs of 
Theorems II and III rest upon the calculus of residues. For this reason the 
chapter has been divided into two parts. Theorem I, including its proof, 
has been embodied in Part I, while Theorems II and III have been embodied 
in Part II. As a corollary to Theorem III, certain results pertaining to the 
asymptotic development of a function W(z) defined by series (2) have been 
obtained. Several examples have been introduced to illustrate the results. 


CHAPTER I. 


FUNDAMENTAL THEOREMS IN THE THEORY OF [FACTORIAL SERIES. 


2. The purpose of this chapter is twofold. In the first place we shall 
present in concise form several theorems, now classical, concerning the con- 
vergence of the two kinds of series mentioned in the Introduction, namely, 


(1) 


and 


(2) 


| 
| 
| 
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These theorems are fundamental in what follows. In the second place we 
shall indicate briefly the results which have been obtained by Norlund on the 
analytical extension of functions such as are defined by series (1) and (2). 

The domain of convergence of factorial series has been studied by Nielsen, 
Pincherle, Landau, and others. Moreover, Norlund has deduced a noteworthy 
result concerning the region of uniform convergence. The more important 
results pertaining to both convergence and uniform convergence, and the 
consequences thereof, and those concerning analytical extension will now be 
briefly stated, the proofs, however, being omitted. 

I*(a). If series (1) converges for z= 2%, then it converges for all 
values of z for which R(z)> R(z2.)+ except at the points z= 0, —1, —2, 


(b). Ifseries (2) converges for z = 2, where Zp is not a positive integer, 
then it converges for all values of z for which R(z) > R(z). 

In case the series converges neither everywhere nor nowhere, it follows 
from the foregoing theorem that the region of convergence of series (1) or 
(2) is a half-plane, bounded on the left by a line of the form R(z)—A, the 
number A being called the abscissa of convergence. The series converges every- 
where to the right of the line R(z)—A, and diverges everywhere to the left 
of the same line. On the line the series may either converge or diverge. In 
the case of series (1), the points z = 0, — 1, —2,- - -, should any such points 
lie to the right of the boundary line of convergence, are excluded from the 
domain of convergence, since at these points the terms of the series become 
infinite. Series (2) may also be said to converge for positive integral values 
of z, should any such points lie to the left of the line R(z)—A, since at these 
points the series reduces to a polynomial. Theorems will be stated presently 
showing how A may actually be determined for any given series of form (1) 
or (2). 

Landau has proved the following theorem concerning the uniform con- 
vergence of series (1) and (2): 

II. Each of the two series (1) and (2) converges uniformly in any 
region R which, together with its boundary, lies interior to the half-plane of 
convergence of the series, provided in the case of series (1) that R does not 
include any of the points z= 0, —1, 

Moreover Norlund has shown that if series (1) or (2) converges at z = 2 
(in case of series (2), 2 = positive integer), then it converges uniformly in 
any sector 8 whose vertex is at 2), and which is characterized by the inequalities 


* See Nielsen (2), pp. 416-429; (8), p. 124, 235; also Bendixson (1), pp. 15-20. 
+ Whenever the symbol R(z) occurs, it is understood to mean the real part of 2. 
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where G is any positive number, and « is an arbitrarily small positive quantity. 
In case of series (1), the neighborhoods of the points z = 0, —1, —2,:-.-, 


should any such points lie in 8, are excepted. 
As an immediate consequence of II, we have 


III. Each of the two series (1) and (2) represents an analytic func- 
tion in its half-plane of convergence, the neighborhoods of the points 
= 0, — 1, —2,- - - being excepted in the case of series (1). 
We next note the manner in which the actual value of A pertaining to any 
given series (1) or (2) may be determined. For this purpose, let us set 
n-1 


n 
a= lim log| San|/logn, B= lim log| (—1)"a,| /logn, 


0 
a’ = lim log] an|/logn, lim log| > (—1)%a, | /logn. 
n—>00 n+1 n 
Then we have the following theorem: * 


, 


IV. The abscissa A of convergence of series (1) is given by @ or @ 


according as the series >) a» is divergent or convergent; and the abscissa A 
n=0 


of convergence of series (2) is given by 8 or f’ according as the series itself 
is divergent or convergent for z = 0. 

As limiting cases we may have \ = — © or A=-+ ©, corresponding to 
which cases the series converges or diverges respectively for all values of z. 


3. We shall now mention briefly some results obtained by Nérlund on 
the analytical extension of functions such as are defined by series (1) and (2). 
We have the following four theorems: + 

V. Any function Q(z) which can be developed in a series of form (1) 
can also be developed in the form 


oo 


(3) Q(z) = Cnn !/(2 + w) (2 + (2+ mm) 


n= 
where » is any given constant. Let . denote the corresponding abscissa of 
convergence. Moreover let w; be any fixed value of » such that », > 1, and 
let w’ be any variable value such that w’ > ,. Then lim A,’ exists, and is such 


w!—>00 
that 
Aw" = = A. 


*Landau (1), p. 156, 195; Nérlund (5), p. 223, 257. 
7 Norlund (1); (2), pp. 341-379; (5), pp. 233-240, and 262-266. 
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As an immediate consequence of V, we have the following: 


VI. Series (3) when the (variable) quantity w is real and greater than 
unity, furnishes the analytical extension of the function Q(z) defined by (1) 
throughout the strip 

Aw < R(z) SA 


except in the neighborhoods of the points z = 0, —1, — 2, ete. 


VII. Any function W(z) which can be developed in a series of form (2) 
can also be developed in the form 


(4) W(z) = en(2—o) (2 — 2) (2— nw) /n! 


n=0 
where w is any given constant. Let A. represent the corresponding abscissa of 
convergence. Moreover let o, be any fixed value of », and ’ any. variable 
value such that 0 < wo’ < o, < 1, then lim 2,’ exists and is such that 


w’—0 
Hence we have, corresponding to VI above, the following: 


VIII. Series (4), when the (variable) quantity » is real and such that 
0 < w» < 1, furnishes the analytical extension of the function W(z) defined by 
(2) throughout the strip 
do < R(z) SA. 


CHAPTER II. 
ANALYTICAL EXTENSION OF FUNCTIONS DEFINED BY FACTORIAL SERIES. 
I. Analytical Extension By Use of a Loop Integral. 


4, As has been stated in the Introduction, it is the purpose of this paper 
to derive new results concerning the analytical extension of functions defined 
by factorial series. In the results of Nérlund, mentioned in the preceding 
chapter, the given series is transformed into another factorial series whose 
line of convergence, in general, lies to the left of the line of convergence, 
R(z) =A, of the given series. Thus, these results furnish a means of ob- 
taining the analytical extension of the function defined by the given series 
throughout a vertical strip of determinate width lying to the left of the 
line R(z) =A. It is our purpose to obtain expressions which will furnish 
the analytical extension of such a function over the whole finite z plane, when 
the coefficients of the given series satisfy certain conditions. 
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For our present purpose, let us now write series (1) of the Introduction in 


the form 


n= 


where it is understood that z is a variable, and that the coefficients g(n) 


depend only on n. 
We start with a result shown incidentally by Ford in his paper, “ On the 


Behavior of Integral Functions in Distant Portions of the Plane,” * namely 
that the (entire) function f(t,z) defined by the special series 


may be written in the following form for any value (real or complex) of ¢, 
and for any value of z such that R(z) > 0: 
D(z) Jo 
If we restrict ourselves to values of ¢ such that R(t) > 0, we may evi- 


dently write (2) in the form 


where it is understood that in the first integral the integration takes place 
along the positive axis of reals from {0 to t=, while in the second 
integral it takes place in the direction of the positive real axis from t =¢ 
to t= «©. We have now only to recall that 


—=T'(z) 
0 


in order to write (3) in the form 


t}-z 
(4) f(t,z) = ett 1 at 


But the right hand member here appearing is defined not only when R(z) > 0, 
but is seen to have a meaning whatever be the value of z. Moreover in the 
neighborhood of any finite point z it is seen to be analytic. 

If in particular we take ¢ equal to unity in (4), and multiply both 
members by I'(z), the product ['(z) -f(1,2) occurring on the left is seen to 
be the function G(z) defined by the special factorial series 


* Bulletin of American Mathematical Society, Vol. 34 (1928), p. 91. We here 


change Ford’s notation slightly in order to accommodate his result more aptly to our 


subsequent discussion. 


| 
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Thus, for the function G(z) defined by this special series, we may write 


G(2) = e{T(z) — 


Since the right member of this equation preserves a meaning and is an 
analytic function of z throughout any region of the z plane which does not 
include any of the points z = 0, — 1, —2,- - -, it furnishes the value of G(z) 
throughout any such region. 

We shall now show that this special result may be generalized so as to 
obtain an analogous one which will apply to factorial series of the first kind in 
general, at least under some restrictions on the coefficients. In fact, such 
a generalization is possible as follows: 


THEOREM I. Having given the factorial series 


00 

(1) 
n= 

let the following power series be formed: 


g(0) + 4g(0)(1— + 
1! 2! 
where 


Ag(0) =9(1) —g(9), A*g(0) = 9(2) —29(1) + 9(0), 
etc. Suppose that the function h(t) defined by this series can be expanded 
about the origin in a series whose radius of convergence exceeds unity. 
Suppose further that h(t) is analytic throughout an infinite strip of the t 
plane which shall include the positive real t axis together with the origin, and 
which may be of arbitrarily small width. Furthermore suppose that the func- 
tion h(t) is such that the improper integral 


0 


exists, at least for R(z) >0.* Then the function Q(z) defined by (1) may 
be expressed for all values of z in the form 


L ? 


* For further comments on these conditions, see Article 5. 
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where the first integral is the loop integral obtained by an integration about 
the origin from the point at infinity along the upper side of the positive real 
t axis to the neighborhood of the origin, and returning to infinity along the 
lower side of the same azis, as indicated in the figure. 


<— 
t=0 


An immediate corollary of this theorem is as follows: If the given series 
(1) has a finite abscissa of convergence, then relation (5) furnishes the 
analytical extension of the function Q(z) throughout all finite portions of 
the z plane which do not contain any of the points z = 0, —1, —2,---. 

In order to prove the theorem, let us start by considering the expression 


t 
(6) F(t, 2) h(t) 
0 


where z has any value (real or complex) such that R(z) > 0, and where we 
shall regard h(t) as any function which satisfies the conditions imposed in 
the hypothesis. Under such conditions the integrand in (6) can be expanded 
in powers of ¢, and the series can be integrated between the limits 0 and ¢ 
provided |¢| <1. It follows that we may write the function F'(t,z) in the 


form 

(7) F(t,z) =co + cot? +: 
where the coefficients c, are as follows: 

=h(0)/z 


= h(0)/2-+ [h’(0) —h(0)]/(z +1) 
(0) /z-+[h’(0)—h(0) 1/1 +[h” (0) —2h’ (0) +h (0) 1/2 1(2+2) 


G(s)/(n—s)!(z +8), 


8=0 


where 


G(s) = (—1) () her (0). 


But if we write c, in the form 
= A/z + +1), 
upon clearing of fractions and equating coefficients of like powers of z, thus 
determining the values of A and B, we find 
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= h’(0)/z + [h(0) —h’(0) ]/z(z +1). 


If we do the same for ¢2, ¢3, ete., the coefficients in (7) are found to take the 
following form: 


Co = h(0)/z 
= W'(0)/z + [h(0) —W/(0)]/2(z +1) 
= /2! + [h’(0) —h”(0) 2(z +1) 
(8) + [h(0) —2h'(0) +h" (0) ]/2(2 +1) (2 +2) 
= H(s)/(n—s) +1) (2+n), 


where 
H(s) = (—1)" (;) (0). 
r=0 


For our present purpose, let us now set ¢ in (7) equal to unity. The 
result is 


F(1,z) 


where the values of cn are given by (8). We shall next collect the terms in 
1/z,1/2z(z2 +1), ete. The coefficient of 1/z is 


h(0) 
or, simply h(1). The coefficient of 1/z(z +1) is 
or h(1) —h’(1). Having continued indefinitely, we may now write 


(9) F(1,2) =h(1)/2 + [h(1) —W(1) +1) 
+ [h(1) —2h/(1) + + 1) (2 +2) 


where it is to be noted that the right member is a factorial series of the first 
kind. But by (6) we see that, by placing ¢ 1, the function defined by 
series (9) is given by the integral 

| 
(10) F(1, 2) =e h(t) 

0 
provided that R(z) > 0. 


This result having been established, let us now consider the series 


(1) g(n)/e(e +1) 


165 
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with the purpose of determining the function h(t) so that the two series (1) 
and (9) shall coincide, thus causing the function Q(z) defined by (1) to be 
given by the integral (10). In order that the two series shall coincide, it is 
necessary and sufficient that 


g(0) =h(1), 
g(1) =h(1) —h’(1), 
g(2) =h(1) —2h’(1) + 


n=0 


gn) = 


These equations are equivalent to the following: 
g(0) =h(1), 
Ag(0) =—h’(1), 
A*g(0) =h"(1), 


A"g(0) = (—1)"h™ (1), 


Hence we must have 
h(t) = g(0) +Ag(0) (1—#) + 


If this function h(t) satisfies the conditions indicated in the hypothesis of 
the theorem, we can now assert that the function Q(z) defined by series (1) 


may be written in the form 
1 
(11) Q(z) =e 
0 


provided R(z) >0. If the abscissa of convergence of (1) is greater than 
zero, then it follows that (11) furnishes the analytical extension of the 
function Q(z) throughout that portion of the z plane lying between the 
boundary line of convergence and the axis of pure imaginaries. 

In order to extend this result so as to obtain the analytical extension of 
the function Q(z) over the whole finite z plane, let us now write the integral 
appearing in (11) in the form 


1 oo 
(12) h(t)e-tt##1dt = h(t)e-tt#1dt — f h(t)e-tt“dt. 
0 0 1 


By hypothesis, the first integral on the right exists when R(z) >0. When 
regarded as a function of z this integral is seen to be analytic throughout 


| 
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any portion of the half-plane R(z) > 0, while the second integral is seen at 
once to be analytic for all values of z. Inasmuch as the first integral may 
fail to preserve a meaning for R(z) < 0, we proceed to study the function 


J(z) defined by this integral. In this connection let us consider the loop 


integral 
L 


the contour Z extending from infinity along the upper side of the positive 
real ¢ axis to the point t —e, (e being an arbitrarily small positive number), 
thence around the circle of radius e« about the origin, and returning to infinity 
along the lower side of the same axis. It will be sufficient for the moment 
to consider z as real and positive. If we let / —r(cos@+ sin @), then we 
have t*-* = exp [(z—1)(logr+76)], 0622. Along the upper side 
of the positive real ¢ axis, the angle @ is 0, while along the lower side we have 
922. The contribution to /(z) arising from integrating along the upper 
side of the axis from t = o to ¢ =e is given by the integral 


co 
f h(t) 
€ 


while the contribution arising from integrating along the lower side from 
to t= is given by 


f 
€ 


As e approaches zero, the sum of these two contributions approaches as a limit 
the expression 
1)J(z) 

where 

J(z) = h(t)e-*t*“"dt. 

0 
Upon the circle, we have ¢*+ = (ee*?)*". Moreover the product h(t) - e-*, 
being analytic at the origin, remains less than a constant & in this neighbor- 
hood. Hence the contribution to /(z) arising from integrating around the 
circle is in absolute value less than 


he? | f | 
0 


Therefore, as « approaches zero, the contribution in question vanishes. Conse- 
quently, we have 


(14) J (2) 


zz 
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Suppose now we let z take on complex values. The left member of (14) is 
an analytic function of z for R(z) > 0. But the right member preserves a 
meaning and is analytic for all values of z except z—0, —1, —2,: : 

Hence (14) must hold for all values of z except zero and negative integers, 


Taking account of (12), and (13), we have, finally, 
(15) 2(z) —e/(e—1) f h(t) — e f h(t) 
L 1 


Hence the proof of the theorem is complete. 


5. Remarks. The following remarks relative to the foregoing theorem 
are now to be noted. 

1’. We have required that the function h(¢) shall admit an expansion 
in powers of ¢ which shall have a radius of convergence exceeding unity. 
If, however, the radius is unity, but the series can be integrated termwise from 
0 to 1, then Theorem I still holds provided that the other conditions required 
of h(t) are satisfied. 

2’. We require h(t) to be analytic throughout an infinite strip of 
arbitrarily small width which shall include the positive real ¢ axis and the 
origin. This condition will evidently be satisfied by any entire function. 

3’. We have required further that the function h(t) be such that the 


f h(t)e-*t*-tdt 
0 


shall exist for R(z) >0. If the condition stated in remark 2’ is satisfied, 
then this integral will evidently exist whenever the following statement can 
be made: Corresponding to any arbitrarily small positive number « there 
exists a positive constant K, such that for all values of ¢ sufficiently large, 


integral 


we may write 
| h(t) |'< Keto. 
We note in this connection that all the conditions imposed on h(¢) are satis- 
fied in the special case in which the general coefficient g(n) is a polynomial, 
for then the function h(t) is also a polynomial. 
4’, Nielsen * has shown that if series (1) of the Introduction con- 
verges, then the function Q(z) defined by that series may be expressed in the 


form 


(16) operat, 


* (8), pp. 239-241. 
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where #(t) is the function defined by the power series 
a + a,(1— + a2(1—t)? 


Moreover Pincherle * has shown that an integral of the type here appearing 
exists and is an analytic function of z throughout a half-plane R(z) ><, 
where the abscissa o may be greater than, equal to, or less than the abscissa » 
of convergence of the corresponding factorial series. 

That the general result obtained in Theorem I gives the particular result 
of Nielsen when R(z) > max (0, 7) may be shown as follows: We have 
defined h(t) in the form 


h(t)—=g(0)+ g(0) (1—t) + 
Furthermore we may write 
et —(1/e[1+(1—t) +(1—1)2/2! 
Upon multiplying these two series, we obtain 


(17) h(t) =(1/e)[g(0)+{9(0) + 4g(0)} (1 — 
+ {A7g(0)/2! + Ag(0)+ 
But 
g(0)+ Ag(0)=g(1)= a 
A?9(0)/2! + Ag’(0)+ g(0)/2! =g9(2)/2! =az, 


and in general 


(A +1)"g(0) =g(n)/n! 
Therefore we may write 


h(t)e# =(1/e) [ao + t) + a2(1—#)? 
or 


h(t)e* =1/e-(t). 


Consequently, for R(z) > max (0, o), we have 


(18) ef — 


Now when R(z) > 0, the quantity 


1 
J, h(t)e 1dt 


*See Ref. (3). 
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occurring in the right member of (15) reduces to the integral 


0 


and therefore for R(z) > 0 the whole right member reduces at once to the left 
member of (18). ‘The equivalence of the two results for R(z) > max (0, oc) 
is thus established. It appears, therefore, that the result of Theorem I goes 
further than Nielsen’s result since the former furnishes the value of the 
function Q(z) throughout the whole finite z plane while the latter furnishes 
the value of the same function only, in general, for values of z in a certain 
half-plane. 


Examples. 1. Let Q(z) be defined by the series 


n=0 


Then we have h(t) = #? — 3t + 2. Hence we have 


1 
Q(z) = e-t (42 — +2) 
0 


This integral fails to have a meaning for R(z) <0, since the integrand 
becomes infinite at the lower limit. But by Theorem I we have, for any finite z, 


Q(z)= — 3t + 2)e —e (42 — 3¢ + 


2. Consider the series 


(2+). 


n=0 


Then we have 


h(t) =1+ (1—#) + (1/2!)(1—t)?+° 


and therefore we may express Q(z) in the form 
1 
= e? di. 
0 


However, this integral has no meaning for R(z) < 0, but applying Theorem 
I we have for any finite value of z, 


e* ~2tfe-1 qt 2 ~2tfz-1 qt 


| 
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II. Analytical Extension by the Calculus of Residues. 


6. In this portion of the present chapter we shall employ a method which 
differs essentially from that used above. In fact we shall employ the calculus 
of residues to obtain the analytical extension of functions defined by both kinds 
of factorial series under the assumption that the coefficients alternate in sign, 
and satisfy certain further conditions. 

The calculus of residues has been used by Barnes, Ford, and others in 
finding the analytical extension of functions defined by various types of power 
series. As consequences of the results obtained, certain further results per- 
taining to the asymptotic developments of such functions have been established. 
The question naturally presents itself as to whether the method mentioned can 
be used also to obtain analogous results for factorial series. We shall show, in 
fact, that some such results are possible. 

Our investigations are based upon the following fundamental theorem 
which is a direct consequence of elementary considerations in the theory of 
functions of a complex variable: * 

“Tf P(w) and Q(w) are any two functions of the complex variable w, 
both of which are single valued and analytic in a region R of the w complex 
plane, and of which the latter vanishes at the points w = 4, A2,* * * An; which 
are zeroes of the first order, and if Cy denote any contour lying in R and 
inclosing the points w= A,,A2,° then we have 


cn Q(w) 2 Q’ (At)? 


where the integration is performed in the positive sense.” 


(19) 


Our first theorem is as follows: 
THEOREM IJ. Given any factorial series of the form 
y 


(— 1)"g(n) 


whose abscissa X of convergence is finite. If the function g(n) occurring in 
the coefficient of this series is such that, when considered as a function g(w) 
of the complex variable w=«2-- iy, (a) it ts single valued and analytic 
throughout all portions of the w plane lying to the right of (or upon) the 
vertical line w =—V% + wy, except for a finite number of poles situated at 
the points w = dj, (At integer), and (b) to any arbitrarily small 


(20) 


gan Science Series, Vol. II, 1916, page 184. 


* See, for example, Ford, “ Studies on Divergent Series and Summability,” Michi- 
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positive number e« there corresponds a positive constant K,. such that for all 
values of x = — 1% and for all positive values of y sufficiently large we may 


write 


| ty) | < 
g(x 


then the function Q(z) defined by series (20) when R(z) > » may be extended 
analytically throughout the whole finite z plane, except in neighborhoods of the 
points z=0,—1,—2,---+,and throughout this region will be defined by 


the equation 


(21) 


T(z) _g(—% + iy) dy 


where r; represents the residue of the function 
(22) + w +1)sin rw 


at the point w =Atz. 


The proof of this theorem is analogous to that of the second part of the 
general theorem proved by Ford in his paper, “ On the Behavior of Integral 
Functions in Distant Portions of the Plane,” already mentioned in the first 
part of this chapter. 

In order to prove the theorem, let us write series (20) in the form 


00 
n=0 

Furthermore, for simplicity, let us assume first that the function g(w) has no 
poles to the right of the line w——14+ iy. Moreover, let us regard z 
as having any fixed value which we shall take as real, positive, greater than 
A, and not an integer. The theorem then results, as we shall show, from 
integrating the function (22) about the rectangular contour C, formed in 


the w plane by the lines 
w=—1/2+ w=1/2 + 2n ty, y, 


where n is any positive integer, and j is an arbitrarily large positive number. 


Taking 
and applying (19), we arrive at the relation 
(—1)"9(n) _ Tz) g(w) dw 


for all 
é may 


ended 
of the 
by 
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We now proceed to study the integral here appearing in further detail. 

First, along that side of Cy, upon which w—2-+ 14, we have dw = dz, 
sin rw = sin zj (sin rz cosh rj + 1cos 7x). Hence if we denote by J the 
contribution to the contour integral in (24) arising from integrating along 


this side, we have 


J ony +2 + 1+ (sin cosh xj + i cos 72x) . 


Now it is a well known property of the Gamma function that if « and B 
are real, then we may write * 


(25) | ig) | = (27) % | + ig | tan . (1+ 8) 


where 6 approaches zero as a or 8 becomes infinite. Moreover as 7 >-+ 0, 
sinh xj becomes infinite like e™/, and when we take account of condition (b) 
of the hypothesis, it appears that the absolute value of the integrand in J 
vanishes to as high an order as that of e-# | z+ 2 +1-+ ij |****%asj7->-+ o. 
Hence we have at once lim J =0. 

Similarly, the contribution arising from integrating along that side of 
C, upon which w = will be seen to approach zero as j For 
as the expression in question differs from I above only in that j is replaced 
by — j, and as >-+ o the function sinh becomes infinite like 
the absolute value of the integrand vanishes like e-% | z+ a+ 1—ij |****% 
as 0. 

Next, along that side of Cy, along which w=—2n-+ 14 + wy, we have 
dw = idy, sin zw =cosh zy. If J represents the contribution to the contour 
integral (24) from the integration along this side, then we have 


(26) 
2 -x (z+ 2n + 3/2 + ty) cosh ry 
As y>-+ ©, cosh zy becomes infinite like e™, while as y—>— « the 
same function becomes infinite like e-™’. Upon noting relation (25) and 
condition (b) of the hypothesis, we see that as y—> + ©, the absolute value 
of the integrand vanishes to as high an order as that of e|z+2n+ % 
+ iy | **?"+1, while as y > — oo, it vanishes to as high an order as that of the 


quantity e%| z+ 2n + 34 —iy |**"*!. It follows, therefore, that the im- 
proper integral appearing in (26) exists. Moreover we may now show 
lim J—0O. To do this, let us write J in the form 


n—>&O 


* Godefroy, La Fonction Gamma, Paris, 1901, page 45. 
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T(z): g(2n) g(2n + + ty) 
T(z+2n+1) J-x g(2n) 


dy 
T(z+2n+ %+ iy) coshzy” 


Since the given series is assumed convergent for R(z) >A, we have at once 


T(z)g(2n) 
2n + 1) 


Furthermore, from (25), we may write 


T(z+ 2n+1) | 2+ 2n + 3% | 
(z+ 2n + % + ty) | 2+ 2n + % + ty 


Finally, taking account of condition (b) of the hypothesis, we have lim J = 0. 


-y tan -1[y/(2n+2+3/2 le et/2| y | 


Along the fourth side of Cnr, we have w=—l4+ WwW, dw=idy, 
sin zw =— cosh zy, and the integration takes place from + © to —». 


If we now take into consideration the contribution to the contour integral 
arising from integrating along this side, the fundamental relation (24) takes 
the following form (n having been allowed to become infinite as indicated 
above) : 
(27) Q(z) = iy) dy 

2 -o T(z + % + ty)cosh zy 


Up to this point we have confined z to values which are real, positive, 


and greater than A. Suppose now that z be allowed to take on any value, real 
or complex. The left member of (27) is an analytic function of z when 
R(z) >A, except in neighborhoods of the points z=0, —1, —2,:°-°. 
We may show, however, that the right member represents an analytic function 
of z throughout any finite portion T of the z plane which does not — any of the 
points z= 0, —1, —2,---. To establish this fact it suffices to show that 
the improper integral involved converges uniformly throughout any such 
region. For this purpose, consider the integral 


1 + ty)ecosh zy 
From (25) and condition (b) of the hypothesis, it appears that the absolute 
value of the integrand for a sufficiently large y is less than 
eVla ty + iy |* 


where z, denotes the maximum absolute value of z in the proposed region 7’. 
But we may write 


q 
| | 
| 
} g(— + ty) dy 


once 
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en 
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| atwm+ iy | = e-(€/2)y | iy < 


where K is a constant. Hence we have 


© ty)dy 
T(z + % + ty)cosh wy 


provided 7 is a sufficiently large quantity independent of z. Consequently 
the integral (28) can be made less in absolute value than any arbitrarily 


ie, 
<K f (2/e) 
l 


small positive number 7 by proper choice of the lower limit /. In the same 
way, we can show that 


| 
-oo T(z + % + ty)cosh zy | 


provided 1 is sufficiently large. Thus the uniform convergence of the im- 
proper integral in (27) is established. The relation must therefore hold 
for all values of z except zero and negative integers. 

The proof for the special case in which the function g(w) has no poles 
in the half-plane R(w) =2—¥% is thus complete. That the theorem is 
true when we allow g(w) to have poles as indicated in condition (a) of the 
hypothesis follows when we note that relation (24) continues to hold (n being 
sufficiently large) provided we add to its left member the expression 


as it is defined in the statement of the theorem. 


%. Remarks. 1’. The line w =— 1% + iy taken as the left side of the 
contour C, can be replaced by any line w =k + ty where —1 < k < 0 pro- 
vided that g(w) is analytic when R(w) =k, except for a finite number of 
poles as indicated in condition (a). 

2’. Should the given series converge throughout the whole z plane, then 
the function Q(z) is expressed at all points z by (21). 

3’. Suppose condition (a) is not satisfied, but the function g(w) has 
a finite number of branch points situated at the points w=, A2,° * * An. 
Then (21) continues to hold provided one adds to the left member the sum 
of the loop integrals at these points. The p-th of these is described as 
follows: Draw the straight line extending from the point A, to infinity in 
the direction of the positive axis of imaginaries, and let this line be regarded 
as a cut in the w plane. Now let the loop consist of the two lines drawn on 
either side of and near the cut, the ends of these lines in the neighborhood 
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of the point Ap being joined by a circular arc of small radius drawn about this 
point. The integration is to be performed in the positive sense. 


Examples. 


1. Consider the function Q(z) defined by the series 


Q(z) = 


This series converges when R(z) > 0, and may be shown to be represented by 
the integral 


which in turn preserves a meaning for R(z) >0. Since the function n! 
or T(n+1) satisfies both conditions (a) and (b) of the hypothesis of 
Theorem II, then by that theorem we may write 


2 T(z + % + ty)cosh zy’ 
which holds for all values of z except 0, —1, —2,---. 
2. Let g(n) =h(n) n!, where the function h(w) satisfies condition 
(a), while corresponding to any arbitrarily small positive number « there 


exists a positive constant K, such that 
| h(a + ty) /h(z) | < 


then the function g(w) satisfies both conditions (a) and (b), and, assuming 
that the given series converges, we have 


_ T(z) + ty) + ty) dy 
J. + ty) cosh ry 


this result holding for all finite values of z different from zero and negative 


integers. 

8. So far our results have been concerned with the factorial series of 
the first kind. We shall now turn our attention to the second kind of 
factorial series. For this purpose, let us write series (2) of the Introduction 
in the form 


where, as above, z denotes a variable, and where the general coefficient g(n) 
depends only on n. Then we have the following theorem which is analogous 
to Theorem II: 


| 

| 

| 
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THEOREM III. Given any factorial series of the form 


whose abscissa of convergence is finite. If the function g(n) occurring in the 
general coefficient of this series is such that when considered as a function 
g(w) of the complex variable w =x + ty (a) it is single-valued and analytic 
throughout all portions of the half-plane R(w) =— 4A, except for a finite 
number of poles situated at the points w=, A2,° * * An, none of which are 
integers, and (b) to any arbitrarily small positive number ¢ there corresponds 
a positive constant K, such that for c= — 4 and for all positive values of y 
sufficiently large we may write 


g(a + y) | < K 
g (2) 

then the function W(z) defined by series (29) may be extended analytically 

throughout all finite portions of the z plane except in the neighborhoods of 

the points z = 0, —1,—2,- - +, and throughout such regions will be defined 
by the equation 

T(z wy)d 


where re represents the residue of the function 


7g (w) 
T'(z— w) sin rw 


at the point w 


In fact the given series may be written in the form 


and the proof of the theorem is analogous to the proof of Theorem I above. 
It will therefore be left to the reader. 

9. If the function g(w) is single valued and analytic throughout the 
half-plane R(w) = — q — V4, where q is any positive integer, then by taking 
the line w =— q— 1% + iy as the left side of the contour Cy used in the 
proofs of the last two theorems, we may show that the following equation 
holds: 

n=-1 (z— n) 
+q + — ty) cosh zy 


. 
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If g(w) has a finite number of poles situated at the points w = Aj,, A2,* * * An, 
none of which are integers, then we must add to the left member of (30) the 
sum of the residues of the function 


ag w)sin rw 
at the points At. 
As a consequence of (30), we have the following 


CorotLary. If the coefficient g(n) occurring in the general coefficient 
of series (29), when considered as a function of the complex variable 
w—2x-+4y, is such that (a) it is single-valued and analytic throughout 
the finite w plane, except for a finite number of poles Ai, Av,* * * An, none of 
which is an integer, and (b) to any arbitrarily small positive number e there 
corresponds a positive constant K, such that for all values of x and for all 
values of y sufficiently large we may write 


| g(a + wy) + ty) | < 
then the function W(z) defined by (29) will be such that for all values of z 
lying in any sector (vertex at z—0) which does not include the negative 
real axis, we may write 


t= 


In fact the expression 


r() f g(—q—% + iy) dy 
-o (2+ q+ %— 1ty)cosh ry 


may be written in the form 


(31) 


Tiz+q+%h) + % —iy)cosh ry 


or 


Tia+q+%) J- T'(z— iy) cosh zy 


where B is the customary symbol for the Beta function. Now we have from 
the definition of the Beta function 


| Ble+q—¥%,1— ty) | <| | 


1 
<I 
0 


cr Ww Cr 
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Recalling that 
(z+ 

we see that the absolute value of the remainder (31) is less than 

T(z) | + | dy 

Tiz+q+%) -o |I(1—iy)|coshzy 
By virtue of (25) and condition (6) of the hypothesis, the integral here 
appearing exists. Furthermore, by (25), the expression 
| T(z) | 
D(z-+q +) 


vanishes to as high an order as the (¢ — 14) — th as | z | — ©, provided that 
z does not go to infinity along the negative real axis. Hence the corollary 
follows. 
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ON SEPARATION, COMPARISON AND OSCILLATION THEOREMS 
FOR SELF-ADJOINT SYSTEMS OF LINEAR SECOND 
ORDER DIFFERENTIAL EQUATIONS.+ 


By G. A. Buiss and I. J. SCHOENBERG. 


In order to indicate the character of the theorems in this paper let us 
consider for a moment the differential equation 


(1) + p(z)y 


in which the coefficients p(x) and q(z) are real, single-valued, and continuous 
functions of z for x, =24=2,. The complete set of zeros on 2,22 of a 
solution y = y(x) of (1) which vanishes at x = é but is not identically zero on 
2,%2 has no limit point on 27,72 and is therefore finite, and the point é defines 
uniquely the whole set of zeros, say °°, €& & Sturm{ 
proved the following 


SEPARATION THEOREM. The sets of zeros on 2X2 of two different solutions 
of (1) coincide or else separate each other, i. e. between two adjacent points of 
one set there is one and only one point of the second set. 


Let us consider further two differential equations of a more special type 
(2) y+ A(x)y 
(3) y” + A*(x)y = 0, 
in which A(z) and A*(x) are continuous on 2,%2 and such that 
(4) A(z) > A*(z) for 7, 2. 
A consequence of these assumptions is Sturm’s § 


CoMPARISON THEOREM. The zeros of a solution of (2) are closer together 
than the zeros of a solution of (3). More precisely: let 
&*,,- > +, &*:, be a complete set of zeros of a solution of (3) on 2%, then & 


t Presented to the Society June 13, 1931. 

+C. Sturm, “ Mémoire sur les équations différentielles du second ordre,” Journal 
de Mathématiques pures et appliquées, Vol. 1 (1836), pp. 106-186. 

§ See C. Sturm, loc. cit., p. 125, where a more general theorem is given. 
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defines a set of zeros for a solution of (2) on 2,42 which has at least k 4+-1+1 


consecutive points €-1,° and these are such that 
(a=1,2,°--,k), > =1,2,:°°,1). 


Finally let 
(5) y” + A(z, = 0, 


be a differential equation for which A(z,A) has the following properties: 


1. A(z,A) is supposed to be a continuous function of (z,A) for 
and A= dr. 


2. For values A’, A” satisfying A» = A’ < we suppose 


A(z,r) < A(z, dr”), for 


3. For every M > 0 arbitrarily large, there exists a number A(J/), such 
that A(z,A) > M, fora, andaA>A(M). 


4. The interval 2,z7. contains no two consecutive zeros of a solution of 
(5), taken for A = A». 


The comparison theorem makes it possible to prove under these assump- 


tions the following 


OSCILLATION THEOREM.+| There is a uniquely determined sequence of 
(Xo << Ar << Ae Am<* with 


lim Xin = oO, 


such that 
+ A(z, Am)y = 0, (m = 1, 


has a solution vanishing at x and = 2, and which vanishes precisely 
m —1 times between x, and @o. 


The assumptions 1, 2, 3, and 4, are always satisfied for A(z,A) =AA(z), 
A(x) being continuous and positive on 2,%2, and Ay = 0. In this case, the 


co 
sequence Am has the following further property: The series > dAm~* converges 
m=1 


for «> and diverges 
This paper gives a generalization of these three theorems for a self- 
adjoint system of linear second order differential equations. The theorems 


7 This theorem goes back to Sturm. For the statement given here see L. Bieber- 
bach, Differentialgleichungen, 2nd edition, Berlin (1926), pp. 155-156. 
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concern what we call a conjugate system of points with respect to such a 
system of equations. Our separation theorem includes results of J. Radon ¢ on 
conjugate points in the calculus of variations. The comparison theorem, 
which is related to a comparison theorem of Morse {, will be established quite 
independently with the help only of methods which are classical in the calculus 
of variations. This theorem makes it possible to extend to this more general 
situation the well known continuity proof for the Sturm-Liouville oscillation 


theorem. 


1. THE GENERALIZED SEPARATION THEOREM. 


We consider the quadratic form 
(1.1)  2Q(2,y, = Pix(x) + 2Qix(x) + Rix (x) 
its coefficients Pix, Qix, Rix, being functions of x of class C’ ¢ on x,%2, with 
Pu = Pri, Rig = and 
(1. 2) Rix(z)vivx > 0 for > 0, % 
We are to deal with the system 
(1.3) Ji(y) = (d/dx) — 2y, = 0, (i =1,2,--+,n), 


which is the most general self-adjoint system of second order linear differential 
equations. Condition (1.2) implies | Rix | A 0 on a,x. and therefore (1.3) 
can be solved for the second derivatives y;” and put into the normal form on 
the interval 7; = x22. Its solutions y; = yi(x), which we are using later, 
are supposed to be of class C’ § and not identically zero on 22. 

One readily verifies the following identities 


(1. 4) YiQy, + = 2Q, YiQe, + = + 2i'Dy,', 

yid i (2) — i(y) = (d/dz) — ). 
For two solutions yi=yi(v), 2 —2i(v%) of (1.3), one therefore has 
yi, — zQy,, =const. These two solutions are said to be conjugate if 


* J. Radon, “ Zum Problem von Lagrange,” Abhandlungen aus dem Mathematischen 
Seminar Hamburg, Vol. 6, pp. 298-299. The methods used in our §1 may be applied 
without great change to the discussion of conjugate points for the Lagrange problem. 

tM. Morse, “A Generalization of the Sturm Separation and Comparison Theorems 
in n-Space,” Mathematische Annalen, Vol. 103, pp. 52-69. For geometric applications 
of this theorem see I. J. Schoenberg, “ Some Applications of the Calculus of Variations 
to Riemannian Geometry (to appear in the Annals of Mathematics). 

§ A function is of class C’ if it is continuous and has a continuous first derivative. 
The function is of class C” if also the second derivative is continuous. 
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— We shall call a conjugate system of solutions of (1.3), a 
system of n solutions tix, Uox,. Unk, (kK =1,2,° +,n), which are con- 
jugate to each other and linearly independent on 2,22. 

The solution y¥;—yi(z) is said to vanish at ~—é if yi(é) —0, 
(i =1,2,---,n). We shall prove the following 


Lemma 1.1.t If wix ts a conjugate system of solutions with 
U =| ux | on 2,22, then no solution yi =yi(x) of (1.3) can vanish 


twice on the interval 22>. 


Let yi = yi(x) be some solution of (1.3). Because of U ~0, yi = wixax 
defines uniquely a set of functions a, = ax(x) on We put 


(1. 5) Yi Uj Ui, 


Primes attached to expressions involving u; or v; will always indicate deriva- 
tives of those expressions with respect to x calculated as if the coefficients 
ax, ay, Were independent of z. One readily verifies, then, the relations 


6) (Qu,' Quis (Qy,' y’ Qy,, UjQy,' — 0, 
(d/dx) Qu,’ (Qu,’ )’ + = + 


in which it is understood that the differentiation indicated by d/dzx takes 
account of the fact that the coefficients a, are functions of zx With the 


same convention concerning differentiation 
(1. 7) yi = Wik = ui’ Vi- 


With the help of Taylor’s formula, the first equation (1.4), and the 
equations (1.6) and (1.7%), one readily verifies the further relations 


22 (a, y, y’) = 20 (a, u, uw’ + v) 
= 20(2,u,u’) + 2v:Qu, + 
= UiQu, + Ui’ Qu,’ 20iQu,' + 
= (Qu, + + (ui! + 71) Quy + 


(1.8) 20(2,y, 9’) = (d/dax) (yiQuy ) + 
Hence with the help of the first equation (1. 4) 
(1. 9) Yi (Qy, — (d/dx) ) + (d/dx)yi(Qy, —Qu,) = 


This relation and condition (1.2) show that y¥;: = yi(xv) can vanish at « = é, 


’ 


+ Compare G. A. Bliss, “ The Problem of Lagrange in the Calculus of Variations,’ 
American Journal of Mathematics, Vol. 52 (1930), § 32, where the same fact is proved 
for the general Lagrange problem. 


| 
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z= &, only if = =0 for ES therefore a,’ =0 and hence 
the az are constant on é& in which case y; = wixade can not vanish at all on 
2,22 since U ~0 on 2422. 


Lemma 1.2. A conjugate system of solutions (uix) can not have 
U =| wix | =0 on any subinterval of 2,22. 


If U=0 on some subinterval of 2,72, then one can certainly choose a 
subinterval éé’ sufficiently small so that the same minor of U of maximum 
order shall be ~ 0 on &’. This permits us to select functions a, = ax(x) of 
class C’ on é@ with yi = wixae =0 and not all a,(€) =0. Formula (1.9) 
gives vi =0 on é€ and from (1.7) one concludes that wix’a,=0 on é&’. The 
set of functions ui = wixcr, with cy = ax(é), is therefore a solution of (1.3) 
which has the properties wi(é)—0, wi’(€)—0, and which hence vanishes 
identically on 7,22. But wixcx = 0 on x72 contradicts the definition of a con- 


jugate system of solutions. 


LemMa 1.3. There exists a conjugate system of solutions whose elements 
all vanish at an arbitrarily selected point x = € There also exists a conjugate 
system of solutions whose determinant U* = 1 at an arbitrarily selected point 
v= 

The proof follows readily with the help of the canonical variables 
(1.10) 24 = = Qriye + Riryr’. 

Solving with respect to yx’ we get 
Ya Gi (2, z) 
which is linear and homogeneous in y; and z;. In terms of the canonical 
variables x, yi, 2i,(1.3) takes the normal form 
dyi/dx Gi(a, z), 
(1. 11) 
dzi/dx = Pixyr QirGx (2, z) 


A solution of (1.3) or (1.11) is uniquely determined by giving the values of 
yi and z at some initial point e—é. The set of n solutions yi = Wiz, 
Zi = Viz, (k = 1, + defined by the initial values 


(1. 12) =9, vix(E) = dix, 


is readily shown to be a conjugate system of solutions satisfying the require- 
ments for the first conjugate system of our lemma. The initial values 
5 
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(1. 13) = Six, vie(é) = 0, 


similarly lead at once to the second conjugate system required by the lemma. 
We will designate further on by U(é,x) and U*(é,x) the determinants of 
these special systems defined by the initial conditions (1.12) and (1.18) 
respectively. 


Lemma 1.4. Let yi =yi(x) be a solution of (1.3) with yi(é) = 0, and 
let (uix) be the first conjugate system of solutions defined for x = € in Lemma 
1.3. The solution yi(x) is linearly expressible in the form yi = Wixce with 
constant coefficients Cr. 


The solution = yi(x) defines a set = by means of (1.10). 
Let (uix) be the conjugate system of solutions defined by (1.12). We deter- 
mine the constants from 2:(€) The solution yi — wixcg, 
Zi — VixCx, Of (1.11) has initial values all zero at 2 =€ and hence vanishes 
identically on 2,22. This proves our lemma. 


Defimtion. The points € and é on 2,22 are said to be associated if there 
is a solution yi = yi(z) of (1.3) with not all yi(v7) =0 on é and having 
yi(é) = 0, = 0, (= * n). 


THEOREM 1.1. If on the interval x22 a point € has a following (preced- 
ing) associated point, then it also has a first following (preceding) associated 
point &,. This point &,, which we shall call the following (preceding) conjugate 
point to &, is given by the first root of the determinant U(é, x) =0 following 
(preceding) the value x = é. 


It is sufficient to make the proof for the conjugate point following the 
point z=€. Let & be a following associated point of é. We set up the 
conjugate system of solutions defined by (1.12). One readily proves that é 
is a root of U(é, x) = 0, because by definition there is a solution yi = yi (2) 
vanishing at € and é. By lemma 1.4 there are constants cx with yi = WixCr, 
and yi(&) = wix(&’) cx = 0 gives U(é, &) =0. 

Let conversely ¢ be a point following é, with U(é,&’) =0. One deter- 
mines constants by means of the system ce = 0, and yi(x) = Win (©) Ce 
has the property yi(€) = yi(&) = 0, which shows that and are associated. 

All we have to show is the existence of a first root & of U(&,r) =0, 
following the point z=é. Because U(é,x) is a continuous function of 2, 
it is sufficient to show that 2 = é is an isolated root of U(é,z) =0. This 
last point follows from lemma 1.1 and lemma 1.3 and our arguments thus 
far. The conjugate system with U*(é,é) —1 (Lemma 1.3) defines some 
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interval containing € where U*(é,x) 40. By lemma 1.1 there are in this 
interval no two associated points and hence also no point associated to é. 
Hence U (é, x) = 0 has no root in this interval except x = €. This proves our 


theorem 1.1. 


THEOREM 1.2. If the point €, 1s conjugate to the point &, then also & 
is conjugate to &. 


It is sufficient to make the proof for § < &. Let & be the conjugate point 
to é, preceding €,. Certainly = é (because é and & are associated) and all 
we have to show is that actually =. Let us assume 6<&<&. By 
theorem 1.1 é, is the first zero of U(é,x) = 0 following é, and & is the first 
zero of U(é,7) =0 preceding &. Let & be any point with é< & < &. 
The determinant U(é, 2) vanishes at « = é’ but can not vanish for é’ < 2 < &, 
because the interval é, can not contain two associated points (theorem 1.1, 
lemma 1.1). Furthermore U(,&,) 40 would imply a contradiction with 
lemma 1.1, € and &, being associated while U(é,x) would be #0 on ££. 
One therefore has U(é,é,) =0 for every & withé<& <&. Hence & is 
associated with every such @ and it results (theorem 1.1) that U(é,, 7) =0 
on [2 8&, which result contradicts lemma 1.2. Hence and & 
is actually conjugate to é,. 


This theorem makes possible the following 


Definition. A set of points & < & <--+< &on the interval 2,72, such 
that each is conjugate to the adjacent points of the set while €, has no pre- 
ceding and & no following conjugate point on 2%, is said to form a conjugate 
system of points. 


THEOREM 1.3. Every point € on 2,22 has associated with it a unique 
conjugate system which 1s completely defined by any one of its points. 


Every point € defines a conjugate £, >é€ or else none >€ on 2. 
(theorem 1.1). The point & defines a conjugate é > €, or else none > & 
(theorem 1.1). In this way one defines the points of the conjugate system 
following € There is only a finite number, because the set &, &, &,° * * 80 
determined can have no limit point, not even 22. This last statement follows 
readily from lemma 1.1 and lemma 1.3. Similarly there is a finite set 
€&2,° +, &1 of points preceding é. 


With the help of lemma 1.1, one readily proves the 


| 

| 
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SEPARATION THEOREM 1.4. T'wo systems of conjugate points coincide or 
else separate each other, 1. e., between two adjacent points of one system there 
is one and only one point of the second system. 


2. THE GENERALIZED COMPARISON THEOREM. 


It will be the purpose of this section to generalize the Sturm comparison 
theorem, described in the introduction, to systems of the type (1.3) by m-ans 
of the notion of a conjugate system of points as worked out in § 1. 

Let Q(2,y,y’) be defined by (1.1), hypothesis (1.2) being retained. 
Besides the system 


(2. 1) Ji(y) = — = 0, 
we set up the integral 
(2. 2) I(y) = 2Q(2,y,y')de. 


LemMaA 2.1.+ If there is on 2,22 no point conjugate to x, with respect 
to the system (2.1), then we always have 


(2. 3) I(y) > 90, 


for every set of functions yi=yi(x) of class on with 
= yi(t2) =0, and which does not vanish identically on x42. 


In order to prove this lemma we shall prove first the existence of a con- 
jugate system of solutions of (2.1) with its determinant #0 on 2,2... To 
show this, we extend the definition of Pix, Qix, Rix, on a slight extension 
a,—8 S227, of x22. We do this in a way which preserves the continuity 
properties of the coefficients of Q(z, y,y’) and also (1.2). We suppose this 
sufficiently small in order to have U*(2,,x) ~0 on 4, 
U*(2x,,x), with U*(z,,27,) =1, being the determinant of the second con- 
jugate system of solutions introduced in lemma 1.3. The first determinant of 
lemma 1.3, U(2,,x7), is a continuous function of the initial point 2, and 
therefore it follows from U(a,2%) ~0 on 24,+8S24=2, that also 
U(x, x) ~0 for and some 2 on the interval 7; —8- 
and sufficiently close to 2. From Lemma 1.1 and our assumption on 
U*(2,, 2), one gets also U(a,x) #0 for [27 +8 and as described 
above. Hence U(a, 2%) #0 on Sem. 


~ Compare J. Hadamard, Calcul des variations I, Paris, 1910, § 288. 

tA function is of class D’ on 2,2, if it is continuous, and if the interval a,a, can 
be divided into a finite number of subintervals, such that in each subinterval its 
derivative is continuous. 
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Let yi = yi(@) be a set of admissible functions. With our special con- 
jugate system just defined and (1.5), formula (1.8) holds. One notices 
that Qu, = + Ricux’, with ux = uxja; and ux’ = is continuous, 
even at the possible corners of yi = yi(x). Therefore integrating (1.8) we 


get t 
(2. 4) I(y) -f '20(z, y ) dx = f "Ravivide. 


The interval z,z72 can be subdivided in a finite set of subintervals on each of 
which the vj are continuous and not all identically zero. Our last formula 
(2.4) and (1.2) imply (2.3). 

LemMa 2.2. If the points 2, and x2 are conjugate with respect to (2.1), 
then always 
(2.5) I(y) 29, 
for every set yi =yi(x) of class D’ on 2,22, with yi (te) = 0. 

Let yi = yi(x) be a set of class D’ on 2,22, with = = 0, 
and defining an are Cy2 in (2,y:)-space. Let 3 and 4 be the points in 
(2, yi)-space whose coordinates are (23, yi(%3)) and respectively 
(a, << %3 << Lemma 2.1 applied to the interval 2,7, shows that 
+ + =1(Cig + Las) 20, Ley and Ly, being segments of 
straight lines in (2, yi)-space. Keeping 3 fixed and moving 4 towards the 
point 2, we get at the limit + Lg2) 20. Certainly + 
has the limit I(C12) =TJ(y), if 3 tends to the point 2. The last inequality 


insures therefore (2.5) and our lemma is proved. 

We shall prove now the following 

CoMPARISON THEOREM 2.1. Besides the system 
(2. 6) Ji(y) = (d/dx)Qy, —Qy, = 0, 
we consider a second system of the same kind 
(2. 7) J*i(y) = (d/dzr)a*,,, — = 0, 


20* (2, y’) = P* ixyiyr 2Q* ixyiyn’ R* having like Q, its coeffi- 
cients of class C’ on 242. 


+ For another method of deriving this so called Clebsch transformation of the 
second variation see G. A. Bliss, “ The Transformation of Clebsch in the Calculus of 
Variations,” Proceedings of the International Mathematical Congress, Toronto, 1924, 


Vol. 1, pp. 589-603. 


it 
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We suppose 
(2. 8) u,v) S O* (2, u,v), 


for a, S2 S22, and arbitrary values of ui and vi. The imequalities (2.8) 
and (1.2) wmply 

(2. 9) R* vivx > 0 for > 0, 

Then a conjugate system of points for (2.6) has tts points closer together than 
a conjugate system of points for (2.7%). More precisely: Suppose that 


is the conjugate system for (2.7%) defined by the point é& The point é will 
then define for (2.6) a conjugate system which has at least k + 1-+- 1 con- 


secutive points 


with 
(2. 10) (a—1,2,-- -, bk), and Eg = (8B —1,2,- - -,l). 
RESTRICTED COMPARISON THEOREM 2.2. We replace the assumption 
(2.8) by the stronger one: 
(2.11) Q(z, u,v) < O* (2, u,v), 


for m1 Srl, uiui> 0, and arbitrary values vi. The statement as in 
theorem 2.1 then holds after strengthening the inequalities (2.10) to 


(2. 12) < and > (8 = 1,2,---,1). 


Proof of theorem 2.1: We shall prove this theorem by induction and we 
start by proving the existence of é, with é, = é*,. The points é and é*, being 
conjugate and therefore also associated for (2.7), there is a solution of 
(2.7) ys=ui(z) of class C’ on with ui(é) = ui(é*,) and not 
= 0 on éé*,. An integration by parts gives 


(2.13) J[*(u) = 20* (x, u, u’) dx (uiQ*y, + ) dx 
g 


* 


ui (2*y, — (d/dx)O*,,' de =0. 
g 


From (2.8) and (2.13) we get 


I(u) = 20(z,u,w)dz = 30* u,w’)de = I*(u) =0. 
g g 


| 
| 
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This last result and lemma 2.1 show that there is a point é, conjugate to é 
with respect to (2.6), with é S &*;. 

Suppose now that we know already the existence of &,° with 

for «= 1,2,--+-,m—1, (mk). We want to show that there 

is a &m With ém S é*m. The same argument as above applies again. The points 
&*»_, and &*m are conjugate with respect to (2.7) and &m+S é*m-. gives an 
admissible set yi = on the interval ém1é*m with I(u) S1*(u) =0. 
Lemma 2.1 insures again the existence of &m conjugate to m4, with 
Em = mn. 

The proof of theorem 2. 1 is complete, because the same type of argument 
combined with the séparation theorem 1.4 applies also in the case of the 
points é.g preceding &. 

Proof of theorem 2.2: The inequality (2.11) implies (2.8) and the 
inequalities (2.10) are already established by theorem 2.1. All we have to do 
is to strengthen (2.10) to (2.12). 

The set yi = ui(z) used in (2.13) does not vanish identically on é&*,. 
The relations (2.13) and (2.11) therefore give I(u) < I*(u) =0. This 
result and lemma 2.2 make the equality €é; = é*, impossible. We therefore 
actually have é < é*;. Suppose now ém-1 < €*m-1 to be true (m=k). A 
similar argument to that in the proof of theorem 2.1 provides an admissible 
set yi =Ui(x) on émié*m with I(u) <0. The equality ém—=&*m would 
again contradict lemma 2.2. A similar argument proves the remaining in- 
equalities (2.12). 


3. THE GENERALIZED OSCILLATION THEOREM. 
With Q(2, y, y’) defined by (1.1) and (1.2) we set up the system 
(3.1) (d/dx)Qy," —Qy, + Aix(@,rA)yx = 0, (1—1,2,°- +, 0), 
making on the coefficients Aix(z,A) the following assumptions: 


1. Aix(z,rA) (1,4 are supposed to be continuous func- 
tions of (z,A) for SxS Xo. 

2. With the same A» we suppose Aix << Aix A”) Uitte, for 
Xo, > 0, and A= < Xr”. 

3. For every M > 0 arbitrarily large, there exists a number A(J), 


such that Aix (x, A)uiux > M, for 7, ZS ujuj =1, andrA>A(M). 


4. The interval 2,22 contains no point conjugate to 2, with respect to 
the system (3.1), taken for A= Ap. 


| | 
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We shall prove the following 


OSCILLATION THEOREM 3.1. The assumptions 1, 2, 3, 4, imply the ewist- 
ence of a unique sequence of values (Ayo << Ar ++) with 
(3. 2) lim Am = CO, 

m->00 
and with the following property: For X\=An (m—1,2,:--), there is a 
conjugate system of points with respect to the system (3.1), containing exactly 
m+ 1 points and whose first and last point are x, and x2 respectively. 

Of interest is the special case 


(3. 3) Aix(2, A) == 


with Aix(x) continuous and Aix(x)uiux positive definite on mar If x22 
contains no point conjugate to x, with respect to the system (1.3), then our 
assumptions 1, 2, 3, and 4, are fulfilled with A» =0. The sequence Xm has in 
this case the further property: 


An converges for a> and diverges for 


m=1 


We define the sequence of functions 
(3.5) E1(A), for A= do, 


in the following way: For every m = 1, 2,3,- - +, &m(A) shall be the m-th 
conjugate point to x, with respect to the system (3.1), or &m(A) = v2 if there 
is no such point. 

In order to prove the continuity and monotoneity of these functions we 
need some lemmas. 


Lemma 3.1. Let x= be the conjugate point to € (a SES 22) 
following &, conjugate with respect to (1.3); and let $(€) =. tf there ts 
no such point. This function x = (€) is a continuous and non-decreasing 
function of € for x, Sé S22, and also properly increasing on the interval 


defined by $(£) < 42, which interval may have no points. 


The monotoneity property follows at once from the separation theorem 
1.4. From the same theorem and theorem 1.3, one shows at once the 


impossibility of < ¢(€ +0) or 6(€—0) < 4(é). 


LemMa 3.2. Let 2Q(z,y,y') be defined by (1.1), (1.2). There are 
always two positive constants b and c, with 


| 
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for Sz S 22, and arbitrary values yi and yi’, and consequently also 
(3. 7) + 2Qixyiys + = — db yiyi. 

The quadratic form Rixyi’yx’ being positive definite on 2,272, we know 
that all the principal minors of | Rix | will be positive on z,¢2. For a particu- 
lar c > 0 sufficiently small, the determinant | Rix — c*8ix | will have the same 
property. The constant c being fixed in this way, we consider the determinant 


of order 2n 
Q ix Pin + b78 jn 
(3.8) Qin 


Its principal minors of order 1,2,-.--,m, lying in the upper left hand 
corner of the matrix are positive on 2,22. Its principal minors of order 
n+1, n+ 2,--+,2n, similarly situated, are polynomials in b whose terms 
of highest degree are respectively | Rix —c78ix | | Rix—c?8ix | b*,- 
| Rix — c?8ix | 6°". We certainly can choose b sufficiently large so that all 
these minors shall be positive for x, [22 This property of the deter- 
minant (3.8) insures the inequality (3.6), the quadratic form 


20(2,y, 9") + — 
being positive definite for 
LEMMA 3.3. With 
(3. 9) =f 20(2, 


we define A as the greatest lower bound of I(y) in the class of sets yi = yi(x) 
of class D’ on with yi(%) = = 90 and 


(3. 10) f = 1. 
Let &, be conjugate to x, with respect to (1.3). We shall prove that A 


is always finite t and 
1. A< 0, of < 


2. A =0, af = Zo, 
3. A>O, tf there ts no & S a. 


+ Compare A. O. Hickson, “An Application of the Calculus of Variations to 
Boundary Value Problems,” Transactions of the American Mathematical Society, Vol. 


31 (1929), pp. 563-579, theorem 2 on p. 570. 


| 

| 


794 G. A. BLISS AND I. J. SCHOENBERG, 


From (3.7) and (3.10) we get 


I(y) = = — =— 


and therefore A is finite and well defined. Our statement 1 is a consequence 
of the necessity of Jacobi’s condition for a minimum of J(y) without (3.10). 
The second statement is equivalent to lemma 2. 2. 

If there is no é, <2, we know already that A2O (lemma 2.1) and 
the only difficulty is to prove that actually A > 0. Our assumptions are the 
same as in lemma 2.1. Let (wiz) be the conjugate system of solutions of 
(2.1) introduced in the proof of lemma 2.1. Its determinant never vanishes 
On U(x, x) + 0 forza; Let us replace in (2.1) the quadratic 
form 20Q(2, y, y’) by 2Q(2, y, y’) — syiyi, with § > 0 very small. The point 
Lo being fixed, U (2%, x) will become a continuous function of 8, say U (2, x, 8), 
which will also not vanish on 2,2, for some small 6 >0. For such a 8 the 
interval 2,72 certainly contains no conjugate points with respect to the altered 
system (2.1) (lemma 1.1), and (2.3) gives 


for every admissible set yi = yi(x), and hence J(y) > 8 for all admissible 
sets with (3.10). Hence A=8>0. 


Lemma 3.4. The first function &,(A) of the sequence (3.5), is a con- 
tinuous and non-increasing function for X= Ao, which is actually decreasing 
on the d-interval on which < 


The monotoneity properties follow from the assumption 2 of this section 
and the restricted comparison theorem 2. 2. 


To prove the continuity of €,(A), we consider the integral 


(3. 11) I(y, A) (2, y, — A) yiye] dz, 


the set yi = yi(x) being an admissible set satisfying (3.10). Let A(A) be 
the greatest lower bound of I(y, A) in this class of sets yi = yi(v). We have 
seen that A(A) is well defined for A= A, (lemma 3.3). We shall first prove 
that A(A) is continuous for X= Ao: For d’ fixed and A variable (both = Ao) 
we have from (3.11) 


I(y,A) —I(y,”) = [Aix(x, r°) — Aix(@, A) ]yiyxde. 


| 
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Assumption 1 of this section insures the continuity of Aix(z,A) as a function 
of A, uniformly with respect to z on 4; [x=-a. Therefore 


| Aix(2, — | <e for |A—A’ | <8, 
(1,4 =1,2,---,n), 
and hence 


n 


| I(y,2 ) —I(y,’) }l ae | yx | da 


“(ly [2)de—e for |A—V| <8. 


This implies also | A(A) — A(A’) | Se for | A—2’| < 8, and A(A) is there- 
fore continuous for A = Xo. 


A discontinuity of the non-increasing function £,(A) at A= (ZA), 
would imply one at least of the inequalities 


(3. 12) +0) <&(’), 
(3. 13) < & (4 — 0). 
We shall get a contradiction from each of these inequalities. To fix the ideas, 
we suppose (3.12) to hold. We choose a fixed x3 with 

Let A(A) be the greatest lower bound of J(y,A) defined by (3.11) for the 
interval x,73 instead of 27,72. For A >’ we have 


&,(A) < E,(V’ + 0) < Zz 


and hence by lemma 3.3 (case 1), applied to the integral (3.11) instead of 
(3.9), we get 
(3. 14) A(A) <0, for A>N. 


But x; < &,(A’), and the same lemma (case 3) gives 
(3. 15) A(d’) > 0. 


The inequalities (3.14) and (3.15) contradict the continuity of A(A), 
because the negative number A(A) can have, for A—A’, no positive limit 
A(X’). Quite a similar argument contradicts (3.13). Hence our lemma is 
proved. 

In order to prove the continuity and monotoneity of the remaining 


| 
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functions of the sequence (3.5) by induction, it will be convenient to have 


the following lemma: 


LemMa 3.5. We define-a function $(é,A) for SES a, A=]Ao, as 
follows: «= (&,A) ts the conjugate point to &, following é, conjugate with 
respect to the system (3.1), or else $(é,A) =22 if there is no such point. 
Let £&(X) be a continuous and non-increasing function of for Ao, 
with é(A) S22, forAZ A. Then w(rA) = A) ts a continuous 
and non-increasing function of r, for X= Ao, and actually decreasing on the 
A-interval defined by $(é(A),A) < %2, which interval may have no points. 


The function $(é,A) is a function of two variables which is analogous 
to the function ¢(€) of lemma 3.1, if one replaces the system (3.1) by 
(1.3). Lemma 3.1 insures therefore the monotoneity and continuity of 
$(é,A) as a function of € only when X is fixed. Furthermore 


$(41,A) = (A), 


and because the proof of lemma 3.4 works also for any € on 2,7, instead of 
= 12,, this lemma 3. 4 insures the monotoneity and continuity of $(€,A) as 
function of A only when € is fixed. This, of course, does not imply the con- 
tinuity of ¢(&,A) as function of both variables. But the more restricted 


statement of our lemma follows easily as indicated in the following paragraphs. 


We prove first 
a) The values (&,’) being fixed, then for every « > 0 there isa 8 >0, 


such that 


(3.16) O0S€—E<8, OSA—D <B imply 0S <e 


This statement is obvious for & —.2,. In the proof we suppose & > a. 


We have 
(3.17) — A°) = — + — £0, A°). 


The function ¢(£,A) being continuous in A at A=W’, there is a AX > 
with 0S — < ¢/2. Furthermore ¢(é,A°) is continuous at 
and one can choose a & <& with 0= o(&,A°) — A°) < «€/2. 
From (3.17) it follows 0 = — 6(&,A°) <«. This last result and 
the monotoneity of ¢(é,A) in € and A certainly imply (3.16) for every 


8< &—& and < \°—N. 


Now we prove 


( 
i 
| 
| 
| 
| 
| 
| 


SEPARATION, COMPARISON AND OSCILLATION THEOREMS. 797 


b) The values (&,.’) being fixed, then for every « > 0 there is a 8 > 0, 
such that 


(3.18) <8, OS N—A< SB imply 0S A) — <e 


This statement is obvious if one or both of the equalities & = x2, dX’ = Ao 
hold. In the proof we suppose é’ < %, AY > Ao. The argument is the same 
as above. We have 


(3.19) (Eo, A°) — = b(Eo, 4°) — 8’, + — 2’). 


There is a <A’ with (&,A°) — A’) < €/2, anda & > & with 
0S $(&, A°) — o(&,A°) < ¢€/2, and therefore (3.18) holds for every 
8< é&—& and < 


The proof for our lemma follows at once. The function 


= $(E(A), A) 


is certainly non-increasing for X=», and is actually decreasing on the 
A-interval for which ¥(A) < a2, and which may have no point (for instance 
if (A) 22). For d fixed, our statement a) insures the inequality 


0S o(é(A), A) —o(E(A+9),A +n) <e 


for Oy <¥#% and hence ¥(A) = ¥(A+ 0). Similarly statement b) insures 
y(A) =y(A—0), and our lemma 3. 5 is proved. 


Lemma 3.6. The functions ém(A), (m = 1, 2,3,-- +), of the sequence 
(3.5) are continuous and non-increasing functions of rX for X=Ao, and 
actually decreasing on the d-intervals for which —m(A) < a2. 


For m = 1, this is the statement of lemma 3.4. The proof goes on by 
induction. Suppose the theorem holds for 1,2,---,m—1. We have 


Em(A) (ém-1 (A), 


$(&,A) being the function defined by lemma 3.5. By hypothesis ém-1(A) is 

a continuous non-increasing function of A for A = Ao. Lemma 3.5 says that 

€m(A) is also a continuous non-increasing function of A for A= Ao, which is 

actually decreasing for ém(A) <2. This proves our lemma by induction. 
The proof of the oscillation theorem 3.1 now makes no difficulty. 

We have 


| | 
| 
I 
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| 
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From assumption 4 of this section, we get £:(A)) = 22 and (3.20) gives 


(3. 21) 


Em (Ao) = (m I, 2, 3,° ). 


We shall prove now 
(3. 22) lim ém(A) (m = 1, 2, 3,° 
00 


To prove this we determine the constant a > 0 satisfying 
(3. 23) Pix + 2Qix(x)uive + vive, S a’, 


for and ujuj + vivi =1. Inequality (3.23) and assumption 3 
of this section give 


(3. 24) 20(a, — A) yiye SO (yiys + yy’) — Myiys, 
for 7, >A(M), and arbitrary values yi, yi’. 
We shall apply the comparison theorem 2.1 for 
20* = (a? — M)yiyi + a?yi’yi’ 
and the left hand side of (3.24) instead of 20. The system (2.7) becomes 
(3. 25) (d?/dx*)yi + = 0, 


with ¢ = a"(M —a’)* (supposing M >a’). In order to determine the con- 
jugate system of points defined by x = 2, with respect to the system (3. 25), 
we remark that 


=0 (tk), =sin 2) 
is a conjugate system of solutions of (3.25) and hence 

U (21,2) =| | = (sin a(x—a,))”. 

The first zero of this determinant which follows z, is *; =2, + 7/4. 
The m-th conjugate point of 2,, following 2,, will therefore be 
= 2, + 
The comparison theorem 2.1 gives 
< ém(A) S21 + mra(M —a’)-* 


and this implies (3.22), when we allow M to increase. 


— 
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We define Am > Ao(m = 1, 2, 3, + +) as a value for which 


(3. 26) ém(Am) = TZ2, Em(Am + < 


for every » > 0. Its existence follows from (3.21) and (3.22). We shall 
prove first that a2 1s the m-th conjugate point of x, with respect to the system 
(3.1) for A=Am. We know that ém(Am + 7)(<22) is the m-th conjugate 
point of 2, with respect to (3.1) for A=An-+ y, for every » >0. For 
lim 7 = 0 we get the result that &m(Am) = <2 is the m-th conjugate point of 
2, with respect to (3.1) for A —Am. It follows also that rz = &ms1(Am+1) 
the (m + 1)-st conjugate of z, with respect to (3.1) for A Ams, and hence 
Em (Amst) < L2 = €m(Am). Therefore Am < Ams: and 


We shall prove finally that 


(3. 2) lim An = 0. 
m—>0oo 


Suppose (3.2) does not hold and suppose that Am approaches A, as m 
approaches 2. We take m sufficiently large so that &m(A) = 22. One there- 
fore has &m(A) =a —=€&mn(Am) and (3.26) implies A Am, which result 
contradicts (3.27) and the definition of A. Our oscillation theorem 3.1 is 
therefore completely proved. 


We consider now the special case (3.3) and shall prove the statement 
(3.4). Let & and K be two positive constants satisfying 
The inequalities (3.6), (3.23), and (3.28) give 


(3. 29) — + )yiyi S 
— Aix (x) S — (A — a* )yiyi, 


for S aS a, A> 0, and yi, yi’ arbitrary. We shall apply the comparison 
theorem 2.1 twice, comparing the three differential systems which correspond 
to the three quadratic forms of (3. 29). The system corresponding to the second 
form is our system (3.1), while the systems corresponding to the first and 
the third form are of the type (3.25). We have seen how to determine the 
conjugate systems of points for systems of the type (3.25). The formulas 
there obtained and theorem 2.1 give 
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mac ( b?)-% = Em (Am) = = + mara (k? Am a*) 


and hence 


(42 — — k-*[ m?n?a? (22 — 


co 
These last inequalities show that >) Am converges or diverges simultaneously 
m=1 
co 
with > m-**. Hence (3.4) is proved. 
m=1 


We want to emphasize finally the difference between the theorem 3.1 and 
Hickson’s oscillation theorem (loc. cit.). Hickson established for the special 
case of Theorem 3.1 the existence of an increasing sequence of characteristic 
numbers A, for each of which a certain boundary value problem has a finite 
number of linearly independent solutions »; with elements vanishing at 2; 
and zw. In the preceding pages a similar sequence of characteristic numbers 
An is found for each of which there exists a conjugate system in the sense 
defined above of precisely n+ 1 points with x, and 2, as its initial and 
final point. 
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ON IDENTITIES ARISING FROM SOLUTIONS OF q-DIFFERENCE 
EQUATIONS AND SOME INTERPRETATIONS 
IN NUMBER THEORY. 


By G. W. STARCHER. 


Introductory. The interpretation of certain kinds of identities in number 
theory has, since the time of Euler, stimulated numerous independent investi- 
gations for the purpose of obtaining identities involving infinite products and 
series of a simple character. Often identities were discovered empirically and 
later verified or proved, as was the case in some of the investigations of Euler 
Many of the proofs of known identities depend upon a 


and Ramanujan. 
Simple and often 


purely algebraic rearrangement of products and series. 
highly ingenious proofs of certain algebraic identities have been given by 


means of their interpretations in number theory.* Some of the most beautiful 


identities known, many of them having important applications to number 
theory, have been demonstrated by Jacobi ¢ by means of the theory of elliptic 
functions. L. J. Rogers,t by quite general methods, has established identities 
of considerable interest and beauty in themselves. 

This investigation is based on a study of two linear q-difference equations 
with linear coefficients taken in the forms (1.1) and (4.1) respectively. Each 
of these equations has a unique solution analytic in the neighborhood of the 
point zero and having there the value 1, and hereafter such a solution will be 
said to have the property A. Obtaining various expressions for such a solution, 
and equating them, we have identities. 

While most of the identities found appear to be new they include many 
interesting and classic identities as special cases of the more general identities 
and thus afford new proofs for them. For this reason a number of such 
identities are stated and often new members are added. The method of 
exhibiting these identities serves to relate identities that have previously 
appeared to be quite unrelated. , 


1. Solutions of a Non-homogeneous Equation. Consider the equation 


* For example, see MacMahon, Combinatory Analysis, Vol. 2. 
+“ Theoria Evolutionis Functionum Ellipticarum,” Gesammelte Werke, Vol. 1, 
pp. 141-239, and Ueber unendliche Reihen deren Exponenten zugleich in zwei ver- 
scheidenen Quadratischen Formen enthalten sind, Vol. 2, pp. 218-288. 
£“On the Expansion of Certain Infinite Products,” Proceedings of the London 
Mathematical Society, Vol. 24 (1893), pp. 337-352; ibid., Vol. 25 (1894), pp. 318-343. 
6 801 
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(1.1) (1+ Ba) f(x) +(y + 8x) f(qr)+A+ =0, <1. 
If there is a solution of (1.1) having the property A it may be written in 


the form 
(1. 2) = 1+ 


where here, as in the following pages, the index v connotes the range 1, 2, 
3,° °°. In order that this series satisfy (1.1) and is other than the trivial 
solution f;(z) =1 we must have 
(1. 3) Lty+ta=—0, 
Then we have the relations 

+89"), (v>1), 
which determine the c’s uniquely. Hence we have the unique solution * 
(1. 4) fi(z)= 1 + Se(— 2)” (B, 89) 


which is convergent if | Ba | < 1. 
Let us consider the possibility of expressing such a solution in each of the 


forms 

(1.5) fe(z)=1 + 

(1.6) fs(z) = 1+ Serr (Br)’y, 

(1. 7) fa(z)= 1 + Seva(y, 82) v1, (B=0), 
(1.8) —= 1 + (y, 82) 24-1, (8—0), 


where [&] denctes the least integer =k. Clearly each of these series, if it 
converges, defines a function having the property A. 

Substituting (1.5) into (1.1), solving for the successive c’s by equating 
coefficients of expressions of the form 2”(8x)’v to zero, we have the solution 
(1.9) 1+ — 2)’. 

For (1.6) we consider only the case 60, to insure convergence oi 
series obtained on substituting into (1.1), and obtain the solution 
(1. 10) 1 + (30). 


Similarly when 8 = 0 we get the solutions 


*For convenience we shall write (a,2), for q’-la), 
(a,@)’, for 1/(a,a”),; (a), for (1,x),, and (#)’, for 1/(#),, ete., and throughout 
this paper any symbol marked prime denotes the reciprocal of the expression denoted 
by the unprime symbol. In particular we make (@,%),>=1 and (@) = (@)o& 
= II(1 + 

Any values of the parameters or of « for which a series or product is undefined or 
is infinite will be known as exceptional values for that series or product. Such values 
we exclude by enclosing them in circles of arbitrarily small, but fixed, radius. 


in 


w 
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(1.11)  fa(w)—= 1 + (—) 82) v1, 
(1.12) 14+ 3(—2) 
x v-1 (yq)’v-1 — (y, 8a) v(yq)’v}. 


Clearly each of the last four series converge for all x. 


2. Case X\=p=—0. The Homogeneous Case. By (1.3), (1.1) takes 


the simple form 


(2. 1) (1 + Bx) f(x) =(1 — 8x) f (qe). 
We easily obtain as a solution having the property A 
(2.2) fo(w) = IE [ (1 + Bq’*x) | = (— 82) (Ba)’. 


For the rest of this section let B = 0. 
If in (2.1) we substitute 


(2. 3) f(z)=1 + Sev(— qa)», 
we obtain (writing c) = 1) 
1+ Sev(1 — gr) (— 1 + Ser(1 — (— Sev-184(— v1. 


On equating coefficients of (— q?x)v-. we get 


(2. 4) cv = (— q)’v. 
If |8| <|q|, f(x) is convergent for all z By making B=A=p—0 and 
az —=—1 in (1.4) and comparing with (2.2) we have from (2.3) when the 


c’s have their values given by (2. 4) 

f(0) = 1+ = 1/1 (1 — = (— 
Hence, if B = 0, fs(x) becomes 
(2.5) fr(z) = (— {1 + (— ge) 
since f;(z) is also a solution with property A. 


Replacing q by q? in (2.1), B=0, we get 


(2. 6) 82) f(q°2, 9°). 
If in (2.6) we substitute 
(2. 7) f(a, g?)=1 + 


and equate the quantities which multiply the expressions (—- 62)», v—1, 
2,°* *, we have 


=q/(1—q), Cy = Cv1q’/(1— q”), (v> 1), 


| 
— 
| 
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and hence the solution * 
f(z, 1 + (— v(— 
But f(0, q7) =(q) by comparison with (2.2) and (1.9). Then we have 
the solution with property A, 

(2. 8) =(q)’{1 + (— 

which by (2.2) is the same as II(1 — 8q?’*a). 


3. Applications and Interpretations. We replace f(x) by the symbol — }? 
f (Bx, y, 8x, wx, q), so that fs; becomes f(z, y,0,ur,q), fe and f; become 
f(0, y, 8x, px, 7), fe becomes — 1, dz, 0, g), becomes f (0, -— 1, dz, 0, q), 
and f;(x,q?) becomes f(0,— 1, 8z,0,q?). From identities that arise from 
equating various expressions for the same function as obtained in the pre- 
ceding sections we have + 


(3.1) f(Ba,—1, 8a, 0, ¢)=(— 8x) (Br)’ = 1+ 3(B, 8)»(— g)’v(— 2)’ 
= 1+ (8, 
From (3.1) we obtain 


(3.2) f(qx,—1, qx, 0, q)—=(— qe) (qx)’ = 1 + 23q"(q)»-1(— 2)” 
=1+4 (q)va(— 2)’, 
(3. 3) f(+ qv, — by gz’, 0, q)=(= qz*) (> qu)’ = 1 + qu)” (x) v(— 
= 14 (2, 1)o(— (+ 2)’, 
(3.4) f(g,—1, 0, ¢)=(— qx) (q)’ =1+ 3(— 
(a, 1)v(— 
(3. 5) f(qrz,—1,— q, 0, q)=(q) (qx)’ = 1+ 3(—q)’ (4%, —1)o(- q)’»v 


These examples illustrate the variety of identities one may obtain in this 
way. Note the formulae similar to the last three given by the three corre- 
sponding expressions for f(-+ —1, = qa, 0, q), f(—4¢, —1, qa, 9, q), 
and f(qx,—1,q,0,q) respectively. Note also the formulae obtained from 
those above by replacing x by —z, by + 1, or by certain functions of qg. For | 


example 


* Since this was written my attention has been called to C. H. Ashton’s disserta- 
tion, Die Heineschen O-Functionen und ihre Anwendungen auf die Elliptische Fune- 
tionen (Munich, 1909). He has studied the same function in another form; also my 
f(0, —1, qx, 0, q) is identical with his 0,,(2) with # = e2miz/w, \ 
{ Essentially the same formulae have been given by Cauchy, Oeuvres (1) VIII, ( 
pp. 42-50. 


— 
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(3.6) f(¢,—1, 49,9, ¢)=(—4q) (q)’ =1 + 23(— q)’(q)v-1(— 
1 v-1 (— q)’v(q)’v, 


and by the theory of elliptic functions the second member is 3. Similarly 


we find 
9, — 2ghr(1 + 9") 
(1 — /(1— = 2q4f(— —1, 0, 
Thus we have two new expressions for each’ of the. Theta constants #2, s, 
olf and #,. Another example of such identities in q is given by 
ne 
= 1+ = 1 + (q) va [(— 
is Again we have * 
j 
(3.8) f(— gz, —1, 0, 1/ II (1 — g’a) 1 + 9!) 
where the symbol P(v, », } 7) represents the number of partitions of v into 
/ exactly » summands none greater than 7; and 
j j 
‘y (3.9) f(qi"2,—1, 0,q)—= IT (1+ q’e)=1+ gor? (— 
v=1 
=1+4 (— g/)v(— va” = 1 + Sv, pPi(v, 
where the superscript 7 on the symbol P indicates that the parts are distinct. 
: We may observe from the second members of (3.8) and (3.9) the theorem, 
is From the expressions in § 2 we have 
(3.10) 1/M(1— q’r) = 1+ 3(qr)’(—q)’v 
m =1+ xq" (— q)’v(— qu)’va” = 1 + 

This is one of the fundamental identities in the theory of partitions. The 
symbol P(v, »,*) represents the number of partitions of v into yp positive 
summands. Replacing x by q-*# we have a similar identity involving the 

a function which enumerates the partitions of v into » or fewer summands 

' ; unrestricted in magnitude. By equating coefficients of q’a* in these identities 

L, 


* Cf. MacMahon, Combinatory Analysis, Vol. 2, Ch. II. MacMahon demonstrates 
the identity (3.8) and the second and third members of (3.9). 


806 G. W. STARCHER. 


we obtain identities in certain partition functions. When z= 1 by the 2nd 
and 3rd members of (3.10) we have an identity due to Euler, and probably 
the most interesting identity in the theory of partitions. Generalizations 
are obtained by writing qg”-" for x and q” for q. 

Again we have * 


(3.11) f(0,—1, gz, 0, q)= (1— = 1 + Sqr? (— gq)’ (— 2)” 
=1— (— qr) v1 
m1 (— — (— gr) 
which for gives 


(3.12) + (— 
= |] — =1+4+3 (—) q’) 
= > (— 1) /2, 


n 


The second and last members above constitute a celebrated identity due 
to Euler, of which many proofs have been given. If in (3.11) we replace 
xz by —~z and equate coefficients of z* we have the almost obvious theorem 
Pi(v + —1), k, *)—P(v, k, *). Similar theorems come from (3.12). 

Using the fact that + = (1 — q*”"") we have 
(3.18) (—43q°)f(—4@,—1, a2, 0, = f(0, —1, ga, 0, g?) = — 

=(— 459°) (1 + 23 9?) o(— 
=(— 939°) {1 + (27; 9°) »(— 9)’2v} 
=(— 4959) {1 + (— 2) 
which, by (3.11) with g replaced by g* and z by q‘z, 
1+ 39" (— 2)"(— @5 = 1 — (— ga; 
We can write 
f(0,— 1, ga, 0, q?) = I[1 — q’x) /M(1 — ga) ] 
= f(0,— 1, ga, 0,q) f(— ga, — 1, 0, 0, q’). 
Each of these can be expressed as infinite series thus giving six additional, 
equally ‘simple, expressions for the function in (3.13). 


* The identity of the 2nd and 3rd members is well known. That of the 2nd and last 
member has been verified by E. Netto. See Lehrbuch der Combinatorik, pp. 163-65. 

The symbol (a; gt), is written for (1+) (1+ qkr) (l+q?kr).-- 
(1 + accordingly we write (#; q*) for + qk(-1)@). The third and sixth 
members of (3.13) constitute an identity due to Gauss and verified by Lebesgue. See 
Liouville’s Journal (1), 5, p. 47. 
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From the first five members above we have 
(3.14) f(0,—1,q?, 0, q?)/f(0,— 1, q, 0, q7)=(— 4?) (— 
= f(— 1, 0, = 1 + %q’(— 9?) 
Similarly we see that 
(3.15) 0, = f(0, — 1, q’a, 0, q’) 
= (1 — =(— {1 + 2; 9’; 
=(— 9397) {1 + (— qa) v(— 
By (3.11) we get other equally simple expressions for this function, and 
since : 


f(0, — 1, 0, q?)—= f (0, — 1, qa, 0, q) f(— — 1, 0, 0, 

we may, as above, add still other members to (3.15). 

By previous results we get 
(3.16) f(a, 0, 8%, (A—1) (1+ 8)z,q)—1 + 3(—2)A(8) va 

= (1 8) (—2)*(2)'v 

In particular 
(3.17) f(— qa, 0, — ga, 0, v1 = 1 + gqr)’r. 
These identities can be given interpretations in terms of the partition 
functions. 

It is easy to verify that f(— qz, 0, — ga, — (x — 2) qz, q) satisfies 

(1— qx) g(x)— 2g —0, 
which obviously has a solution with the property A expressible in the forms 
= 1+ + q°a*(— 
and this by previous results 
= f(— qa, 0, — gr, — 2) qa, q)=1 + (— 

Similarly we may obtain other identities; e. g. those obtained by solving the 
equation satisfied by h(x) = g(a) +2. 

By identities in § 2 we obtain 
(3.19) f(—qz,—A, 0, (1—A) qa, 1 + 

1+ Aq) = 1 + g2)’v. 

Equating coefficients of g*A’x° as they appear in the 2nd and 4th members 
we have the theorem 
P(a—c,b—1, }c) = P(a—b,c—1,})), 


= | 
v) 
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where P(0, 0, } y) = 1, otherwise P(«, B, } y) =0 when or Bis 0. From 
this we have as corollaries 


P(a, ¢, c) = P(a—1,c—1, e+ 1), 
P(a,b, > c) =P(a+c—b—1,c—1, }bd+1). 
By (3.19) we have the interesting identities 
(3. 20) f(— qu, — 2, 0, (1— x) qa, q) 
= 1 + (— = 1 + (— 
(3.21) ga, 2,0, (1 + x) qa, q) 
—=1-+ 3(— qr)’. 
When | | < 1 we have 
(3.22) f(a, y, 0,0, g)—=1 + 3(—2)"(yq)’v =1 + 
This gives 
(3.23) = 1 + (— 
Again from § 2 we have 


(3. 24) f (Bz, ¥> px, q)= i+ (B + By + (-- + vq’) 
=1+ *(B + By + #) (— 2)’. 


From this we get 
4q° 
4g 4g*(1— 9’) 
=] = 

The second member, by the theory of elliptic functions, = 3,7, and by a pre- 
vious result = {f(— q, —1,—q,0,—q)}*. Similarly we have 


4q° 


4 
(3.25) — 3g, ¢)=14 


4 9 

(8. 26).. —1,1—q— 49%, 0, 
4q'/? = 4q°/2 4q°/? 4q'/? 4q°/?(1— q?) 

if 1—_ (1—¢)(1—¢) 

4q'*/2(1 — q*) (1— 

= 49%{f (— — 1, g*, 0, q*) 


| 
| 
| 
| 
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Also we have an identity involving the series of Clausen * 
(3.27) 
Many other examples of identities involving f(z, y, ux, q) for par- 
ticular values of the parameters might be given. Often such identities imply 
identities of interest having many terms involving only simple series and 
products; e. g. comparing (3.10), (3.11), and (3.17) we have 
(3. 28) {f(q, — 1, 0, 0, = f (0, q; 0, q)= f(— 0,—4q, q> q) 
== f(— ¢,— 1, 0,0, — {f(0, —1, q, 9, 
which implies 
(3.29) {f(%—1,0,0,q)}* = M(1+ 9") = 14+ 39(— 
= 14 (1 +g”) (q)v-a(— = 1 + 
{1 /{1 + > + == ate, 
4. The Homogeneous Linear Second Order Equation. Consider the 
equation 
(4. 1) + Br) +(y + 82) =0, 
where 1+a+y=—0and B+8=+0. A unique power series solution with 
property A is found to be ; 


(4. 2) (x)= 1+ (B, y¢q)’v(— 2)», 
where we have written 


The series is convergent for all z. 


When B= 0 let 


(4. 3) = (1 — ®(z). 
Then ®(z) satisfies the q-difference equation 
(4.4) + FEE + = 0. 


(1 — Be) (1— 
If there is a solution of (4.4) expressible in the form 


(4.5) —1-+ Ser(— 


* Journal fiir reine und angewandte Mathematik, Vol. 3 (1828), p. 95. He 
states that the second member above 


where 7(v) is the number of divisors of ». 
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we find, on substituting into (4.4) and equating coefficients of the ex- 


pressions z’(Bx)’y to zero, 


= —(8 + Byq)/(1— (1— 9), 
Cy = — (8 + Byg’)/(1— q”) (1— vq’). 


Hence we have as a solution of (4. 4) 
(4.6) =1+ (8, Byq)v(— 9)’v(— yq)’v(— Ba)’v(— 2)’. 
When 6 = 0 it can be shown that the equation satisfied by w(x), where 


(4. 7) = (1 — *$(2), 
does not have a solution of the form 
(4. 8) =1-+ 3er(— 82) rz’, 


in which the c’s are simply determined, except when y=0O. In this case 
satisfies the equation 


— 

having the solution . 
(4.10) = 1 + 82) 

When B = y 0 let 
(4.11) W(x) = gad"). 
Then ¥(2z) satisfies the equation 
(4.12) Y(x)—(1— gr) ¥(qx)— — ga) (1— ¥(q’a) = 0. 
If this equation has a solution expressible as a series with constant term 1, we 
find after substituting into (4.12), the expression multiplying the constant 


1 is 
1—(1— gr)— qx) (1— = 0-4 + + g’a?(1—qz). 
This suggests the series 
+ S{ Cova”? (-— gx) v-1 + Cova” (— ga) v-1 + (— ga) v}. 
Substituting into (4.12) and computing the successive c’s we have 


Cc, = 0, Co = =— g®/(1— 


and in general 
(4.13) Gov = + Covg?” — + Cov-sq*”', 
(4.14) Cova — + Cov-rg??* + — + 


(4. 15) Cv =— Cov-19*”* — Cov-2g°”*. 


F 
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Clearly we may solve (4.13) and (4.15) for cov or c’zv in terms of c’s 
with no subscript greater than 2v— 1 and hence for Czv_-2 and c’sv-2 in terms 
of c’s with subscripts not greater than 2v— 3. By repeated substitution for 
the c’s with even subscripts in (4.14) we can ultimately show 

Cov-1 = Cov-sy° * C1) k(q). 
Since c, = 0, k(q) = 0 and hence cs —c; =: - - 0. Then (4.13), (4. 14), 
and (4.15) become 
Cov = C’avq?” +- Covg?” — 
Cov- = — 
from which we easily obtain 


and 


Hence we have* (if B=y=0) 
(4.16) (x)= — q’x) gad”) 
= 1+ (— gat) v1 (— + Pa?” (— gar) v(— q)’r}. 
In particular we have 
(4.17) 14+ + 
— (1— 9") (1—g**) (1—g**), 
(4. 18) Vv(q)= 1+ q°”) 
The last members come from a well known identity due to Jacobi. 
We return to (4.4) and seek a solution in the form — 
(4.19) @(z) = 1+ (— 
where we make |8/8| <|qJ| to insure convergence of series obtained after 
substituting in (4.4). Equating coefficients of (— Br)’y for v= 1, 2, 3,-- -, 
we have finally the solution 
(4. 20) = 1+ Byq)»(— Ba)’. 
By (3.1) 


®(0) = 1+ 3(— B*)?(8, Byq)»(— q)’v = O[1 — yg”) /(1 + ]. 


* This result with the power series representation of ¢(—gqm#d-1) for B=y=0 
gives an identity verified by Ramanujan (Collected Papers No. 26), and of which many 
proofs have been given. 
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Hence a solution of (4.4) with property A is 


(4.21) (— yq)’{1 + B*)” (8, Byq)v(— Ba) 9}, 
where |8/8|<|q]|. But by analytic continuation we may extend the range 
of validity of the series and require only that | 8/8 | <1, which is necessary 
for the convergence of the series. 


If we write 
$( 982", = + (2), 
and solve the equation satisfied by ®,(z), we obtain the solution 
provided B = 0. 
On writing ¢(2, y, 8x,q) for ¢(x) we may summarize the main results 
of this section in the following identities: 
(4. 23) $ (Bz, y, dz, q)=1+ (8B, $)v(— ¥q)’v(— a)” 
—=(— Be) {1 + (8, Byq) 9)’v(— Ba)’v(—2)"} 
= (— Br) (88) (— yq)’{1 + 3(— Byq)v (— )’v(— 
where the last member is present only when | 8/8 | < 1, 
(4.24) (0,7, q°) 
= {1 + (—- dx)” (— 9°) »(— (8x) 
(4.25) (0, 0, dx, 
= (— dz) {1 + (— (— q?; g?)’v(— 82) 
(4. 26) $(0, 0, — qa, q) 
= (— gz)’{1 &(—) (1 q?’x) (— gz) v-1(— q)’v}. 
5. Applications. From (4.23) we have 


(5.1) (gz, y,0, q)=1 + (— 2)” 
= (— gx) {1 + (— g)’v(— yq)’v(— yx)"} 
= (— qx) (— qy)’{1 + (— q)’v(— y)"}, 


from which we easily obtain 


(5. 2) f(0,— 1, — 9’, 0, g’)o(— qz, — 2, 0, q*) 
9?) {1 + 3q"(— 9°) 
= (qx) {1 + 
=(gr; {1 + (— 97)’v( qx; 
(5.3) (— 2)’[(— q)’v]? 
=(— gx) {1 + [ (— 9)’v]?(— 
=(— gr) (— q)’{1 + 3(—) (— 92)v}. 
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Comparing (5.1) and (3.17) we have ¢(— q, 0,0, ¢) = f(—q, 0, —q, 4, q). 
By (4.23), (4.25), (4.26), and (5.2) we have * 
(5.4) (0,0,— qa, q)=1-+ 
= (gx) (1 + 
= (qr; 9°) (1 + (— (gas 
=(— qz)’{1 + (1 q?’x) v-1 (— q)’vu?”}. 
Again by (4.24), (5.1), and by symmetry in # we have 
(5.5) 0, = (ga) {1 + (— "} 
=(— q?a? ; q?) {1 Sqr ) /2 q?a?; q?)’va?”} 
—(— ga) {1+ (— gaya"), 
Similarly we find 
(5.6) (0, 0, 2, g*)—=(— ga; q?) {1 + (— qa; 
= (qx; {1 + 973 q°)’v(—2)’}. 
By (5.4) and (4.17) we get 
(5.7%) (0,0, —9,q)=1 + Sq" (— =(q) 1 + 
= (973g) {1 + (— 9*) = (93 {1 + (— 
=(— (1 +”) } = (1— 4) (1g). 
Similarly we find 
(5.8) (0, 0, — q*, (1 + 1 + 
1/1 (1 (1 g?”-*) (1 +. 
By (5.6) we have two other expressions for the same function. Again by 
(5.5) and (4.17) we have 


(5. 9) (0, 0,— q’) (1 = + (— q)’v(q3 q?)’v 


and by (5.5) two other members may be added. In all we can obtain 
fourteen different representations of $(0, 0,—4q, q). 

We could also write a similar set of identities for the function 
(0, 0, — q?a, q), which for z = 1 is the function appearing in Ramanujan’s 
second theorem.t For their beauty in themselves we state the following: 


*Cf. L. J. Rogers, Proceedings of the London Mathematical Society, Vol. 25 


(1894), p. 330. 
{ This theorem is stated by MacMahon, loc. cit., p. 36. 
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(5.10) (0,0, 9°, 7) {1 + 3(—) (— q?)’v} 
=(— {1 + [ (— q)’r]?} 
9°) {1 + q)’o(— 9°; 
(5.11) (0, 0, 1, g*)—=(— q; {1 + (— 
=(q3 9°) {1 + 3(—)’9"(— 93 9°)’v 9?)’v} 
= (— {1 + 39°" (— g*)v}. 
By (4. 23) we get 


(5.12) 0,82, q)=1-+ (B, 8)v(— q)’v(— 2)” 

—=(— pr) {1 + (— q)’v(— 82)"} 

—=(—- Bx) (88*) {1 + 3(— 8/8)’ (— Ba)v}, 
(5.13) $(¢,0,— q)— 1 + (— (1 + [(— 9) 
(5.14) 9,0, + =(q) {1 + 3(—) (— 9}, 
and this by (3.14) = f(— g, —1, q?, 0, q?). Thus we have a new expression 
for this function. From (5.12), (5.13), and (5.14) we get 
0, q’; q)+ q; 0, q)= 2o(— q°; 0, 


¢(—4q, 0,9 o(q, 0,—¢ Q= 2q¢(— 9, 


Again we have by (5. 12) 


(5.16) (9,0, 9°, q)=1 + 
(5.17) $(— 4,0, 9°, g)= 1+ = 1/(1 — 9). 
By (4.23) 
(5.18) 9, gx, q)—= 1 + (q)v1(— 2)” 
—=(— gz) {1 + (— q)’v(— 
(5.19) $(—4,0,— 9, q)=1 + (q)v1(— 
=(q) {1 + 
which by (3.11) 
=(q¢)f(0,—1,—4q, 0, )=f(— 0, q’). 
Note the two expressions for the latter as given by (3.2). Making use of 
expressions for f(0,— 1,—q, 0, q”) as given in § 3, we obtain several other 
members for (5.19). From (5.1) we have 


(5.20) (gz, —1, 0, + Sq??? (— q?)’v(— 2)” 
=(— qz) {1 (— q*)’v(— qx)’ va"} 
—=(— gx) (q)’{1 + (— 


By comparison with (5.7), (3.1), and (5.3) we easily see that 
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(5.21) $(—q,—1,0, g?)=¢$(0, 0, — q, q)/M(1 + 9”) 
(5. 22) 1, 0, 1, q; 0, q)o(— q; 1, 0, q)- 
From (5.20) we may show 
(5.23) 4(g,—1, 0, 
and by comparing with (5.1) - 
(5.24) $(—g,—1,0,q)— $(q,—1, 9, q) 
= 2q(93 9*) (— 9*)’o(9°, — 7°, 9, 
—=[2q/(1— 9) ]¢(— 9’, 0, 
We point out two other identities of interest, 
(5.25) (0,1, g)—= 1+ 
= (qr) (1 + (— (— (qa; 9?) ’v} 
(5.26) (x, y,— 9a, g)= 1+ 29’??? (— yq)’v(— 2)” 
x) {1 + q)’v(— z)’v(1 — y)/(1 — yq’)}. 


By comparison with § 2 we have 


(5. 27) ¢(— q)=f(0,—y, — 0, q), 


and by comparison with (5.1) we have 


(5.28) $(a, 1, — ga, g)=(— 2) 6(0, 0, = $(z, 0, 0, q). 
Again comparing with § 2 (5.1), and (3.10), 
(5. 29) $(x,—1,— gu, q)=f(0, 1, 2, 0, 9), 
(5. 30) q> q)= 2(q)o(q, 0,0, 7) 
= 2(9)f(q.—1, 0, 0, g)=7(0, 1, —1, 0, q). 
Another way of obtaining identities from those already found is illus- 
trated by the following. On equating coefficients of y* in the last two 
members of (5.26) and using (3.8) we get 
(5. 31) Sq q’)x(— q)’x(— a)?” 
Replacing x by — 1, dividing by g*, and reducing, this becomes 
0, 0, = ¢(— 9, 0, 
the last two members being obtained by comparison with (5.1) and (5.12). 
Then we may write 


(5. 33) ¢(— 1, ¢(— 1,0, q; q)+ (— q; 0, q)qy". 
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But by (5.26) and (5.12) we have 


¢(— 1, 0, q; q’; q’)’v + 1 + q’)’v} 
By (5.12) and (3.1) 


¢(— 0, q) =(— q)’xf (— 1, 0, 

Then (5.33) becomes 
(5.34) (—493¢)’ 

+ 9? 9°) (— 9?) (— 9) 

= f(— 9,—y’, 0, 9”) 


Then by (3.10) 


which obviously implies an identity of several members. 
By (4. 23) we get 


(5.36) y,—9?a, q)=1+ (— — /(1— 


—(—2){1 + 39" (— 202") 


which with (5.26) gives the identity 
(5. 37) 9 9) 5 


and 


(5.38) y, 1 + (q)v(— 99) 2)” 
—=(— gx) {1 + (y) 9)’v(— 2)" 
= (qx) (q) (— qy)’{1 + qr)” (y)»(— 


which with previous results gives 
(5. 39) $ (x, — 2, qu, q) = f(qz,—1, 2, 0,4). 


Other relations of this kind might be found. From such relations we 
could evidently state identities of many members as we have already done 
for a number of identities involving known functions. 


UNIVERSITY OF ILLINOIS. 


| 

| 


| 


SUMMATION FACTORS WHICH ARE POWERS OF A COMPLEX 
VARIABLE. 


By Water H. DURFEE. 


1. Introduction. By a well known theorem of Frobenius,* if the power 


fo, 
series y(z) = > an2” has the unit circle as circle of convergence, and 


n=0 
if >} dm is summable by Cesaro’s k-th mean to the value s, then lim y(z) =s 
n=0 


as z—>-+ 1 along any path lying wholly between two fixed chords of the unit 
circle intersecting at z= -+ 1. 

Frobenius stated the theorem for the case, k—1. Extensions have been 
made by various writers, notably Holder ¢ and Fejér.{t Hurwitz,§ also, has 


shown that if } a» is summable C; to the value s, and if gn(z) is a function 
n=0 


of z such that, 1) lim gn(z) =1, 2) for each |z| <1, n¥gn(z) is bounded 


for all n,f§ and 3) > n*| A**g,(z) | converges for each |z| <1 and is 
n=0 


bounded for all |z|<1; then 3S angn(z) converges for |z| <1, and 


n=0 


lim > AnJn (Zz) = Ss, 
n=0 


The theorems of this paper deal with functions which satisfy condi- 
tions equivalent to these, the series under discussion being of the form 


y(z) = & aaz!™, where an is real and z is a complex variable. The inquiry 
n=0 


is directed toward determining the conditions on f(m) under which the series 
approaches a limit as z—> + 1. 

For the purposes of this paper the functions f(n) are restricted to the 
class of logarithmico-exponential functions,|| so expressed that f(0) = 0; for 
brevity these will be designated as L-functions. Certain properties of these 


* Journal fiir die reine und angewandte Mathematik, Vol. 89 (1880), p. 262. 

+ Mathematische Annalen, Vol. 20 (1882), p. 535. 

t Mathematische Annalen, Vol. 58 (1904), p. 62. 

§ Cf. Morse, “ Certain Definitions of Summability,” American Journal of Mathe- 
matics, Vol. 45 (1923), p. 263. 

{ The bound may depend upon ez. 

|| Hardy, Orders of Infinity, III, 2. 
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functions, which will be useful in the subsequent pages, are: if f(x) is an 
L-function,. then f(z), and.all,its derivatives are ultimately continuous, non- 
vanishing, monotonic, and of constant sign; as x—>-+ o, f(x) approaches 
either infinity, or zero, or some other definite limit; f(x) is also an L-funce- 
tion, and f’(x) =o[f’(x)] entails f(x) —o[f(z) ]. 

Fejér, in his paper on Fourier Series,* proved that Frobenius’ theorem 


is valid for series of the form y(z) = > anz™, where p may be any integer 
n=0 


greater than zero. It has been shown, however, by Hardy, in a paper “On 

Certain Oscillating Series,” + that if f(n) has too rapid a rate of increase 
co 

the series > anz/™ may not approach any limit as z—-+1. A discussion 


n=0 


of certain series of this type will be found on a later page. 


2. Statement of Theorems. The discussion will be facilitated by the 
definition of a region within the unit circle, which we shall call R, to which 
the variable z is confined. As in Frobenius’ theorem, let there be two chords 
intersecting at the point z—-+1. They may, without loss of generality, be 
considered as making equal angles with the real axis. We now define FR as 
the open region, in a neighborhood of z = + 1, bounded by these chords and 


interior to them. 


THEOREM I. If the series > dn is summable C; to the value s, and if 


n=0 


a) f(x) is an L-function, and f(0) =0, b) logx =o[f(zx)], ce) f(x) > 9, 
f(z) >0, and d) = O[1/z], then the series y(z) = Anat) 


converges for |z| <1, and limy(z) =s as z—>1 along any path lying 
wholly in R.t 
oo 
THEOREM II. If > an is summable C, to the value s, and if a) f(x) 
n=0 
is an L-function, and f{(0) b) f(x) —O[logz], c) ~+ 0, 
f(z) >0, and d) aa=O[A™ (n)], or sn = O[AI™], for every A>1, 


then the series y(z) = > anz!™ converges for |z| <1, and limy(z) =s 
n=0 

as z—>1 along any path lying wholly in R. 


3. Proof of Lemmas. It will be convenient at this point to establish 


* Mathematische Annalen, Vol. 58 (1904), p. 62. 

{ Quarterly Journal of Mathematics, Vol. 38 (1906-7), p. 269. 

tA somewhat similar theorem, due to H. L. Garabedian, has recently been pub- 
lished. See Annals of Mathematics, Vol. 32 (1931), p. 83. 
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the truth of a number of lemmas which will be of use in the proof of the above 
theorems. 


LemMa 1. As z—1 in R, | logz|=O(log p), where p=|z|. 


Let be the amplitude of z, 7/2. Then | logz| S| logp| 
+ |6|. Asz—1, 6~sin 6, and since log p = log[1 —(1— p) ]~—(1—p), 
|logp|~1—p. Now let |z—1|=r, and call the acute angle between 
(z—1) and the real axis 8. Then sind —r/psinB; and p?=?r?+1 
—2rcosB. Noting that asz—-1, (1+ p)/p— 2, and 2 cos B— r—> 2 cos B, 
we have 

_ (1+ p)siné 
| log p | 


[(1+ e)r/p]sinB_ (1+p)sng 
r(2 cos B—r) p(2cos B—r) 2 cos B ' 


Since z lies in R, tan B is less than some constant, A, determined by the chords 
bounding R, whence 


| log z | S| log p | + A | log p | = O(log p). 


Lemma 2. If f(x) is an L-function, and if f(x) and its first k derwatives 
exist and are continuous, non-vanishing, and of constant sign for «=a, then 
for such values of x they either all bear the same sign, or all derwatives up 
to a certain one bear the same sign and thereafter they alternate. 


To prove this, suppose that for 2a, g(x) =f (az) and g(x) are of 
opposite sign. By Taylor’s Theorem, for z= a, 


y (x)= g(a) [(a@—a)?/2] 0<O<1. 
Then, for z > a we may write, 
{a + —a)} = [2/(a —a)*] —) 9 (a)— g(a) }. 


If g(a) >0, and g’(a) <0, then by hypothesis g(z) >0 for z ><a, 
and the first two terms in the braces on the right-hand side of the above 
expression are, signs considered, positive; while the last, which is negative, 
is a constant. The second term increases indefinitely with 2; hence for suffi- 
ciently great values of z, {a + 0(4—a)}> 0. But for > a, a + 6(4— a) 
>a, that is, there are values of x >a for which g”(z) >0. Since by 
hypothesis g(x) is of constant sign for =a, it follows that for all 2a, 
g(t) > 0. 

If, on the other hand, g(a) < 0, and g’(a) > 0, then for z > a, g(x) < 0, 
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and for sufficiently great values of 2, g’{a +6(a—a)} <0. It follows that 
there are values of x >a for which g”(x)< 0, and hence that 9”(r)< 0 
for all 

Thus if g(x) and g’(x) are of opposite sign for 2a, then g(x) and 
g(x) are of like sign for x =a; which proves the lemma. 


Lemma 3. If then for any k =1, f® (x) /f’ (z) 
—0(1/z*). 


The statement is obviously true for k=1. Suppose it true for some 
k>1. Differentiating, we have 


(f)? 


or f*)/f’ = O[1/2*]. Thus, if the statement is true for k= 2, as by 
hypothesis it is, then it is true for all k = 2, and the proof is complete. 


Lemna 4. If f(x)—= O(log x), and if f(x) + © and f’ (x) is positive, 
then f’(x) is negative for sufficiently great values of x; and further, 
O(1/2). 

If f(x)= O(log x), then f(x) = O(1/zr)*; that is, for sufficiently large 
values of 2, | f’(x) |< M/z, where M is some positive constant. Hence 
f(z) 0 ast—-+ 0. Since f(x) is an L-function, so is f’(z) ; and since 
f'(x)— 0, ultimately monotonically, f’(2) must be ultimately negative. The 
truth of the first statement in the lemma is thus established. The function 
af”’(x)/f’(x) is an L-function, and therefore approaches either zero, or — p, 
or — oo, where yw is some positive constant. Suppose that, for c= X, 
af’ (x)/f'(z)<—a, where a>1. Then <0. Inte- 


grating from X to 2, we have 
log f’(x) + «log — log f’(X)—alogX¥ <0, or af q(X), 
where q(X) = Xf"(X). 
Putting this in the form f’(%)— q(X)/2z* < 0, and integrating once more 
from X to z, 
f(z)— q(X)/(1— a) — f(X)+ g(X)/(1— a) < 0, 
or f(t) < f(X)+ — q(X)/(a—1)a*. 


* Hardy, Orders of Infinity. 
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Then we have im sup f(X)+ Xf’ (X)/(«@—1), which contradicts 
the hypothesis f( + It follows that lim af” (x)/f’ (x)= — exists, 
and whence also 7" /P O(1/z). 


LemMA 5. The terms in the k-th derivative, with respect to n, of zim 
can be set im one-to-one correspondence with the partitions of k, the com- 
ponents of any partition being the orders of the derivatives of f(n) in the 
corresponding term, so that the number of occurrences of a component in a 
partition indicates the exponent of that derivative. The number of components 
of a partition is the same as the exponent of log z in the corresponding term. 
The numerical coefficients of the terms are all positive. 


If we set ¢(n)—2z!™, the first three derivatives are 

(n)log z, 

= 2! {(f’(n)log z)? + (n) log z}, 

= 2f™{ (f’(m)log 2)? + (log 2)? + f’”(n)log 2}. 


Inspection shows that the statements in the lemma are valid for k S3. 
Suppose now that they are true for some fixed &. Then each term of ¢ 


k 
is of the form Ty— - - (f)%(log z)*, where h= > ai, 
k i=1 
any, or all but one, of the a; may be zero, and k= > ia. 
i=1 
From any partition of & partitions of (+1) may be formed, either 
by adding a new component, 1, or by increasing any single component by 


unity; and if each partition of & be so treated in every possible way all the 
partitions of (k +1) will be obtained. 


Now, = /dn, and by differentiating we obtain 
T's = dT ¢/dn = (f®)%(log 


These terms correspond to the partitions of (k-+ 1) obtainable from that 
partition of k which corresponds to 7’. Further, in each term of 7’ the 
sum of the exponents is equal to the exponent of logz, and Siaj =k +1. 
Finally, the numerical coefficients are either A or Aa, and in either case they 
bear the same sign as A. 

Thus if the statements of the lemma are true for some particular k, 
by induction they are also true for (k +1). Being verified for & S 3, they 
hold for every positive integral value of k. 


| 

| 
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4. Proof of Theorems. We proceed now to the consideration of the first 
Theorem. In showing that, under the conditions of this theorem y(z) con- 
verges within the unit circle it will be advantageous to go further and prove 


that for |z| <1, Ps | anz™™ | ig convergent. We note that since > ay is 


n=0 
C;,-summable, | dn ’ < Gn*, where G is a positive constant; it will therefore 


suffice to prove the convergence of <1, logn—olf(n)]. 
Since f(n)/log n> + ©, for a fixed p, er n > N, we have [f(n)/log n] log p 
<—k—2. That is, f(n)log p << —(k + 2)log n, or pf™ < 1/n**. Then 


< 1/n? for n > N. The convergence of n*pf™ thus follows from 
n=0 


co 

that of > 1/n?, and the absolute convergence of y(z) within the unit circle 
n=0 

is thus established. 


The series a being summable C;, we have lim C,“ s, where 
n=0 >0O 


k J? 


and Sn“? = +a, Thus, if we define for 
r > 0, we have 
(k-1) OG) — (k) _ 1 (k) 
(k-1) (k-1) ntk (k) nt+k-1 (k) (Kk) 


and soon. This process ultimately yields 


k 


An — ee. *) 


k+1 n-k-1° 
This may be written, 


p=0 
and accordingly we have 


co k+l 


n-p 


If now we set up the expression. 


| 
| 
| 

| 

| 

| 
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each row, in view of the definition C_,“’ —0, r > 0, is seen to be a series of 

the form >» (7) (%")Cn2fr@, The terms of this series are not greater 


co 
in absolute value than the corresponding terms of (n , 
n=0 


for f(n+ q) =f(m), and 


k(k—1)---2°1 S (n+ 1)% 


Since aiso Cn“ approaches a definite limit as n> oo, this latter series con- 


verges with z nkzi(™ , the convergence of which has already been established. 
It follows that each of the row-series in the above expression is convergent, 
|z|< 1. Since the number of rows, (k + 2), is finite, the series formed 
of the sums of columns also converges and represents the same function as 
the sum of the row-series. But the series of column-sums is exactly the 
function, 


CO. k+l 
y(z) = (—1)9(*) (EP) Ow 


n=0 p=0 


It thus appears that we can write 


n=0 
oo 
2 
Rewriting this in such manner as to omit terms containing C_.”, r>0, 
we have 
co bef 
+ (k) of (n+l) 
oO 
or 
> f(nep) k) b 
n+k p (k+1 n+p (kK) 


| 

| 
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k+1 
(ntk k f (n+p) 
where bn(z) ( ) 2 ( 1)?/( p), 
It must now be shown that the transformation whose coefficients are 
@) 
bn(2) is regular; that is, that the limit of the sum of the series }) bn(z)On,™ 


as 2—> 1 in Ff is the same as the limit, s, of the sequence C;,. The necessary 
and sufficient conditions for regularity in this case are four,* namely, 


I. For each n, lim bn(z) =0. 
II. For each z in R, > | bn(z) | converges. 
n-0 
III. For all z in R, S& | ba(z) | is bounded. 


n-0 


IV. lim dn(z) =1. 


n-0 
Since 
k+1 


for each value of n, condition I is evidently satisfied. 
Bearing in mind that = (n+ 1)*, and that | | for 
p = 0, we have 
k+1 
k+ f(n) <= Ok+1 kf (n) 
Thus 


n-O 


S | bn(z) S (m+ 


@) oo 
which converges with > n*p/‘™. Therefore the series & | D,(z) | is con- 
n-0 n-0 


vergent for each z in R, and condition IT is satisfied. 
It is equally simple to deal with condition IV. We have 


In particular, if a7 = 1 and a; = 0,1> 0, then for every n, Cn” =a) =1. 
In this case, therefore, 
co 
n=0 


and likewise 
oo 
y(z) = bn(z)Cn™ = dn(z). 


n=0 


* Bulletin of the American Mathematical Society, Vol. 28 (1922), p. 17. 
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co 
Equating these expressions for y(z) we see that > bn(z) =1, and accord- 
n-0 


ingly condition IV is satisfied. 

There remains condition III. We note, in the first place, that since 
f(z) is an L-function there is a value of 2, say mo, such that for zt > no, 
f(x) and its first (t+ 1) derivatives exist, and are continuous, monotonic, 
and of constant sign. If, therefore, we set d(n) = z!™, we have, for n > no, 
the first difference 


Ag 
the second difference 
Ad (n)—Ag(n-+1)— ff (1) 
and the (k + 1)-st difference 1 


T1 Tk 
eee oe) (111) cee dr.dry. 


Now, in this last expression, set 7; =n 5,, + and in general 
+ %. 


1 


where w=n-+8,+ 82+: +++ Observing that 


| | = (—1)9(*2) | < (n +1)*| |, 


and that the above expression for A***¢(n) is valid for n>, we may 
now write 


| dn(z) | SE | | 


n=0 n=0 


N=Not1 


IIA 


| bn (2) | 


1 1 1 
co 
+ (n + 1)* | | + dsodsy. 
0 0 
Since | bn(z) |S 2**(n and <1, the first summation 
is less than 2**1[1 + 2*+--+-+(n.+1)*], and is certainly bounded for 
all z in R. We wish then to show that 


| 
| 
| 
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n=Notl 


is bounded for all z in R. 

It is evident that the statements made in Lemma 5 regarding 2/™ are 
equally valid for p/, where p—=|z|. If we set y(n) =p/™, and indicate 
by Ty a term of y(n), 


k 
k 
we note that T’y—Ty {f log p + a ff). 
Suppose now that the alternation of signs of the f‘ commences with f”. 
Then, for n > mn, f and f*» have opposite signs, and since f log p < 0, 


it follows that Ty and T’y bear opposite signs, and hence also y and w*, 
On observing that y’/(n)—p!™f’(n) log p < 0, we conclude that 


(n) > 0, n> Ne 
By Lemma 1, and the conclusion just stated, 
| (n) |S Bl | (—1) (n), 
where z is in R and B is some positive constant. Since » =n, we can write 


Not1 


A first integration gives 


Nor1 


87:41=9 


This may be expressed as B >| {g(n)—g(n+1)}, where 
Not1 


g(n)— (= (1 + (44) 


| 
| 
| 


re 
te 
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The terms in the integrand on the right-hand side of this expression are 
of the form (—1)™(k!/m!) so that if we set 


we can write g(n)= = Um. Noting that »,=n-+k, we see that 


8,=0 


Now if m is even, y‘"" (41) is negative and increasing, if m is odd, y“"-» (1) 
is positive and decreasing; in either case, therefore, (—1)"y°" (yw) is 
negative and increasing, and hence 


Uy < k! (n +1)™ ff- (—1)™1y"-D (uy) 


where po = n+ 8, + 82 


After m such integrations we find 


! m 
Ua < = = fo W (pss) dseds,, 


where = N+ Sem. Since is a positive, 
monotonically decreasing, function of pm.1, it follows that 


0=Un < [k! (n +k +1)™/m!]pf™, 


and hence that 
lim sup Um S lim sup [k! (n +k +1)™/m! ]pf™., 


n->0O n->0O 
But this limit is zero provided condition (b) of Theorem I, log « = o[f(z) ] 
is fulfilled; for then 
lim sup [k! (n +1)™/m!]p?™ 
= lim sup (k!/m! ) exp [m log(n + +1)+ f(n) log p] =0. 


8 
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Thus lim Um=0, and as there are but a finite number, (k +1), of such 


n->0O 


terms in g(n), we have lim g(n)—0. As a result, 
BS {9(n)—g(n + 1)} = Bg (mo +1) 
k k 
<B> +h +2)"/m! = BE! [nm +hk+2)"/m!], 
m=0 m=0 


which is bounded. 
Collecting these results, we have 


S |bn(2) | <2 + mo 1)*] + Bh! S (mo + e+ 2)"/mi, 


n-0 m=0 
It is thus proved that providing the alternation of ne of the derivatives of 
f(x) commences with f’(2) condition ITI is satisfied, > | bn(z) | is bounded 


for all z in R. " 

On the other hand, if f’(xz) > 0, then for this, and possibly other deriva- 
tives, sgn f‘? —(—1)‘. These may enter certain terms of $“**(n), for 
example T¢,, T'9,,: - -,7¢,, in such manner as to make the signs of these 
terms different from that of the leading term, z/‘" {f’(n) log z}***. In this 
case we have 


| (n) (—1)** (n) +(—1)*2B(Ty, + Ty. +: ‘+Ty, 


The series (n +1)*| A**4(n) | is bounded if n*| | is 


Not1 No+1 


bounded; for the sake of simplicity the proof will be given for the latter. 
We have 


Not1 Not1 


+ 2B (—1)*(Ty, + Ty, + + dons: dseds:. 


Not1 
The first of these summations, after a first integration, gives as before, 


B {g(n)—g(n + where now 


Not 


g(n) = J S (= (a1) — 


k 
and Here again we may put g(n)—= > Un, 


m=0 


— 
__| 


ch 


m!, 
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where, 
1 p | 1 
Un = (—1)™(k!/m!) ™ (p21) dsx dsods;. 
0 0 0 


In this case, however, we cannot be sure that (—1)”"y‘"(u,) is negative 
and increasing; so the former procedure cannot be followed beyond this point. 
But the terms of y‘”(,) are all of the form 


Ty = Apl (log Bai, m= Dia. 


By Lemma 3, and condition (d) of the theorem, there is a positive constant, 
Mi, such that, for n-sufficiently great, 


| f (wr) < Mi* (un) 
Supposing 7 so chosen that this inequality holds for all values of 1 occurring 


m 
in any of the 7'y, and setting J] Mi** = M, we have 


| Ty | < Ap! (ar) | log p 


Thus the absolute values of the terms in the integrand, 


(-— 1)"(k !/m ™ (1) 
are less than 
!/m!) wy" [fF (ur) 
provided p> 1/e. In this expression A, M, k, m, are constants =n +k, 
+k), and ; hence 


lim sup (us) 
"Slim sup exp{f(n)log p + h[log(n + k) + log f’(n + k)]}- 


But log n =o[f(n)], and since f” —o(f’) entails f/ —o(f), it follows that 
the limit on the right-hand side of the above expression is zero. 
There being a finite number of such terms in the integrand of the ex- 
pression for Um, it is clear that lim Um = 0, and hence that lim g(n) =0. 


We thus have sigs 
BS {g(n)—g(n+1)} = Bg (no + 1). 


But 


| + 1)| = | Um(m + 1)| 


1 1 1 
k 
= (k!/m!) | Ty | ds: dseds;, 


| 
829 
| 
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where the summation in the integrand extends over all the terms in y“™, and 
=M %. It has also been shown that 


| Ty | < Apt? M[P (ar) | log p < (m1) p> 1/e. 


Hence 


and since pi: Sm +k-+1 and f’(u,) is a positive, monotonically increasing 
function of 


k 
| g(mo+1)|< AM(EI/m!) (mo + Uf (mo +k 
where / takes on all values corresponding to the terms Ty in y“™. 


Thus g(m> +1) is bounded for all z in R, and so also is the first summa- 


tion in the expression for > n* | A**16(n) |. 
Nor1 


With regard to the second of these summations, we note that any of 
the Ty, therein is of the form 


Ty, — Aap! (fF) (log h— a 
Suppose now that the derivatives for which sgn f‘” —(—1)# are 
- + +, f°, and for these let 

By Lemma 3, and condition (d), we may set 


and accordingly 


| Ty. | < | log p 


where now the f‘,---, f%, no longer appear, and Sia;—h, but 
=k Then we have 


1 
Not1 
0 0 


1 1 
0 0 0 


No+1 


But the integrand in the latter expression is, except for a constant factor, 


1 

k+1 
| 


vs 


1S. ds, 
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one of the terms of (—1)f#piy9t? (uw). If the terms in y%*” are all of 


like sign, 


1 
0 “0 0 


No+1 


1 1 

which can be shown bounded as was done for y“* in like circumstances. 

But if the terms are not all of like sign the above process is repeated with 

yG*) instead of y+. As the order of the derivative of y is lowered at each 

repetition we are certain ultimately to reach the form 


1 1 
Not1 0 


which can readily be proved bounded. 
The second summation being thus proved bounded, it is established that 


> | bn(z) | is bounded for all z in R; condition III is satisfied. This 
n=0 
completes the proof of the regularity of the transformation whose coefficients 


are bn(z). It follows that, as z—>1 in R, 


co 
lim y(z) = lim 3B bn(z)C,h® = lim C, =s, 
n->0o 


and the proof of Theorem I is complete. 
Owing to the less general nature of Theorem II, its proof is considerably 
simpler. We set up the series 


co oo 
n=0 


n=0 


and the proof consists in showing that, under the conditions of the theorem, 


w(z)—>s as z—>1 in R, and that for all z in R, y(z)= Anz! converges 
0 


n= 


to the same value as w(z). 


As before, since lim C,“? =—s, we must establish the regularity of the 
n->0O 


transformation whose coefficients are bn(z). The conditions for regularity are 
those given in the proof of Theorem I. 


| 

| 
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It is evident that for each n, lim ba(z)—(n +1)(1—2+1)=0, 50 
that condition I is satisfied. <i 

Since f(z)= O(logz), by Lemma 4 the alternation of signs of the 
derivatives begins with f’(2). Accordingly, if we again set ¢(n)=2f™, 
y(n)= pf™, and recall Lemma 1, we can find an my such that for n > Nos 
|o(n) | SB|y™(n) | = (—1)*By™ (n), where z is in R and B is some 
positive constant. We also have, as before, but this time with k = 1, 


| bn (2) | =(n + 1) | gf(n) __ + gf (n+2) =(n + 1) | A*(n) 
Thus 


|= |-+ (w+ 1) | | 


Since the absolute value of bn(z) is not greater than 4(n-+1), the first 
summation is less than 4{1 + 2+ -+(m +1)} =2(m +1) (m+ 2). 


With regard to the second summation it will suffice to consider } n | A*6(n)|. 


N=Not1 


0 0 
We have dseds,, where »=n-+5,+ 82, and so 
0 0 
|= #°(u) deeds | 


= f f | | desds, = B n f f dsedsy. 


Now, ¥"(u)= p!™™ log p]? + f’(u)log p}, and by Lemma 4 there 
can be found constants, M, >0 and Mz > 0, such that for n > 


< | f’(x) |< Mof’(x)/a. Finally, for p> 1/e, | logp| > [log p]?; 


whence 


<< — (log p) (u)/m + = — Mp!™ [f’(u) /u] (log p), 
where Mz. Then, sincen=yp 


| < BM 2 J f log p) dsads, 


No+1 


1 
@) 
<BM > — (u) (log p) dseds, 


—BM > [— ds, BM {g(n)— g(n + 1)}, 


Not1 82=0 
0 


| 
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1 
where g(n)— pints) ds, < Therefore lim sup g(n)S lim p/™ —0, 


that is to say, lim g(n)—0. On the other hand, g(% + i< ere eT 
whence > n| A?¢(n) | < BM, which is bounded. 
Not1 
oO 
We have thus proved that for all z in R, > | ba(z) | is bounded; since 


n=0 
the series is one of positive terms it is also convergent for each z in R. 
Conditions II and III are thus satisfied. 


co 
To test the series for IV, lim > b,(z)—1, we suppose as before that 


n=0 


dy = 1, a, = 0, 1 > 0, whence for each n, Cn“ =a) —1. Thus, in this case, 


fo 
w(z)= Dd br(z), and y(z)= anzl™ =1. If now it can be 


n=0 n=0 


shown that, for all z in R, w(z)=y(z), then IV will certainly be satisfied. 
To this end we note that dn, =(n + 1)Cn™ — 2nC™ +(n—1)C®, 80 
that 


y(z) = {(n +1)C,™ —~ +(n— 1) } 


If we indicate by ym and wm the sum of the first (m-+1) terms of y(z) and 
w(z) respectively, we have 


Yn — + 1) — 2nC@® } + ghd 
{(n + 1)0, nO } gf n) + — nC 


The coefficient in the first term of this expression is simply sn, and by 
cona tion (d) of the theorem for a given A > 1 there is a constant H such 
that ‘or all n sufficiently great | Se | = Hd!™. If, therefore, for a fixed value 
of z, we choose A so that 1/A>|z|—p, then for n sufficiently great 
| | =| sn | S H(Ap)?™. But the value of this quantity approaches 
zero as n increases, wherefore the first term in the above expression for 
(Yn —Wn-2) also approaches zero as nm increases. 

The second term is n[Az/" ]C™, and the absolute value of this is less 


1 
than Dn | — (w) (log p)ds, where p=n—1+s, and Disa 
0 


n-1 


positive constant. Since [f’(n)] < Mi/(n—1), and | logp| <1 if 

p> 1/e, and < pf"), we can say that 
0 


n| | < DMyn/(n—1) | | 


n-1 
and this expression certainly approaches zero as n increases. As a result we 


8 


| 
0 
| 
7 
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have lim (4% — Wn-2)=0, or y(z)—=w(z) for all z in R. Condition IV is 


accordingly satisfied, and the transformation is regular; hence as z— 1 in R, 
lim y(z) = lim w(z) = lim C,™ =s. 
n—>00 

It remains only to show that y(z) is convergent everywhere within the 
unit circle. Its convergence within the region R has been established, and 
it is obvious that for any fixed z, |z| <1, we may so choose the chords 
defining F that z will lie within the angle formed by them. We now define R’ 
as that part of the annular region between circles of radius « > 0 and (1—e), 
with centers at the origin, which lies within this same angle, « being so chosen 


that z lies in R’. 
Recalling the proof for the case where z was confined to R, we have in 


the present case also for n greater than some mp, | 6 (n) | S(—1)*By™ (n), 
No 

and > | bn(z) |= | dba(z) | + (n +1) | |. The first summa- 
n=0 Not1 


n=0 


Not+1 


1 1 
tion is bounded, and the second likewise provided that B p> nf J y(n) dsods, 
0 0 


is bounded. Since | logp |< | loge| we now have 


<—M | loge | [f’(u) (log p) 


1 
and hence B > nf f W”’(u)ds.ds, < BM |loge|. It follows that for z 
0 0 


Not1 


co 
in R’, > | bn(z) |, and hence w(z), is bounded and convergent. 
n=0 


Again, 

The first term approaches zero as n increases, and for the second 

n | {zf(n-2) — | | | 
< DMn/(n—1) | 02 loge) | 


which also approaches zero as n increases. It thus appears that y(z)= w(z), 
and y(z) consequently converges, for all z in R’. 

It is clear that for any fixed z, 0 < |z| <1, « may be so chosen that z 
will lie within R’. It is obvious also that y(z) is convergent for z—0. It 
thus follows that y(z) is convergent everywhere within the unit circle; and 
this completes the proof of Theorem II. 

The proof as given makes use of the second form of condition (d), 


| 
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Sn = O[A!™ ] for every A>1. The condition an = O[Al™f’(n)] for every 
\ > 1, is stronger than s, = O[A’™ ] ; it is sufficient to assure the fulfillment 
of the latter. For, if the former holds, then there is a constant H, and an N, 
such that for n > N, an < (logaA). Thus for n >N, 


| so | S| sw] + | ava | an] < | sy | 
+ H(log a) (n)?. 

Now A can be so chosen that A/™/’(n) is ultimately a decreasing func- 
tion ; for since f(n) = O(log n) and f’(n)= O(1/n), an N, can be found such 
that for n > Ni, f(n)< M;(log n) and f’(n)< Mi/n; hence for such values 
of n, (n) My /n Since Ms does not 
depend upon the choice of A the latter may be chosen so small that 
(Ms; log’ —1)<'0, whence Accordingly, for n > N, 
N;, we can write 


| sn | < | sw] + Hf (2) (log A) da =| sy | + — 
N 


| Sn | SN | — | Sn | 
yim) + H, and SUP SH. 


Then 


But it follows that an N. can be found such that for n > No, | sn | S HAM™, 


or, what is the same thing, sp, = O[A?™ ]. 
Either form of condition (d) is sufficient. On the other hand, dn 


fo. 
=o[Af™] is necessary. For if 0<2< 1, is convergent, then 
n=0 


is also convergent for allA > 1. It follows that lim a,/A‘™ 0, 
n=0 


whence dy = ofAl™ ], 
5. Oscillating Series. It was mentioned in the introductory paragraphs 


that if the exponents of z in the series >) adnz/™ have too rapid a rate of 


n=0 
increase the series does not necessarily approach any limit asz—1. Hardy * 
cites as particular instances the series (—1)"2", p=2 integer, and 
n=0 


> (—1)*2r"!; he shows that these both oscillate about the value 14, the 
n=0 

Cesaro mean of their coefficients, as x 1- along the real axis. 


oo 
Belinfante + has proved that the power-series (—1)*a/™, 
0 


n= 


* Quarterly Journal of Mathematics, Vol. 38 (1906-7), p. 269. 
{ Koninklijle Akademie van Wetenschappen te Amsterdam, Verslagen 32 (1923), 


p. 472. 
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f(2) integer, approaches no limit as x—1-, provided two constants, a >1 
and b, can be found such that for all sufficiently great n, 1+ (a? —1)/2a 
<bSf(n+1)/f(n)Sa. The function f(n)— p”, p > 1 integer, falls into 
this category, for then we may choose ab =p, and 1+(p?’—1)/2p <p 
= fer. 

This theorem may be extended to the case where f(n) is not an integer 
as foliows. Let [f(n)] be the greatest integer in f(n), so that [f(n)] 


Sf(n)< [f(m)+ 1], and 


[f(m +1) ] f(m +1) 


+ 1)+1] 
[f(m)+ 1] f(n) 


[f(m)]* 


< 


whence 


Moet 
f(m + 1)[f(m)+ 1] f(n+1)[f(m)] 
Then, for all sufficiently great n. 
a?—1 f(m+1) f(n)Ef(n +1) 4-1] 
+1] 
f(n+1)[f(n)] 


and likewise, 
fin+1)[f(n)+1] ~ f(nm + 1)[f(m)+ 1] 


f(n +1) 
< 


Now choose a, >a, and <6, such that 1+(a:7—1)/2a, <b, < b.* 
Then, since 

f(n +1) [f(n)+ 1] f(n +1) [f(n)] 


we have for all sufficiently great n, 
a,*—1 f(n)[f(n +1)] [f(m+1)] f(n+1) 
< 


[f(n) ]  f(n+1)[F(n)] 


* That such a choice can be made is apparent from the fact that 1 + (a@?—1)/2a 
is an increasing function of a. Since 1 +(a?—1)/2a<b an a, and b, can always 
be found such that 1 + (a?—1)/2a <1 + (a,?—1) /2a,< 6, <b. But then certainly 


a, <a. 
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It now follows that the series with integral exponents, 


h(a) =a — 4 4 


satisfy the conditions of Belinfante’s theorem, and hence approach no limit as 
a—>1-. But [f(2n+1)] Sf(2n +1) < [f(2n+1)+ 1], and f[(2n)+ 1] 
> f(2n)= [f(2n)], whence g(r) < y(x)< h(x). Now 


h(x)—- g(a) =(1 — 2) 4 4 gif@l4.. 


Since 1<bSf(n 4+ 1)/f(m), ultimately f(n)= Cb” where C is a positive 
constant; and hence for any positive constant M, ultimately [f(n)] > Mn. 
Thus there is an such that for n= << Then 


h(«)— g(4)<(1— 2x) {m»—1+ < (1— 2) {mo + gMn) 


n=No nN=No 


gMno 


Hence 


Mno 
im sup {h(0)—g(2)} Slim { 


But M was any positive number, whence lim {h(x)— g(x)} =0. It follows 
that lim {h(x)— y(x)} —0, and accordingly oscillates between the 
same limits as h(z). 


6. Limits of Oscillation. It is interesting to see what can be done toward 


determining these limits. Hardy has shown that for the series >} (—1)"a"! 
n=0 


they are actually 0 and 1, and the same is true for any series whose exponents 


increase at a more rapid rate than n!. For the series y(z)= > (— 1) "2", 
since z > y(x) >  — 2”, it is evident that 0 and 1 constitute lower and upper 
bounds; but a somewhat closer approximation may be obtained, as follows. 
Consider the ratio m(x)=(a2? —2”)/(a2—a?). Its first derivative, with 
respect to a, is where y(t)—=1—(p+1)? 
+ pie, Now p(p + 1) is negative if t << 1, and further- 
more, y(1)— y(t) =(1— t)W’(m) <0, where ¢<y<1. Thus for ¢<1, 
y(t) > =1— (p +1) + p= 0, and since <1, it follows that 
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dm(x)/dz >0, and m(zx) is a function increasing with « Then m/(z?) 
increases with x?, and so also with z, and in general m(z®") increases with z. 
Now suppose that the expression (a? — a") /(a2—z?) increases with 
x. If so, the product 


must also increase with z. But the supposition is true for &—1, since 
(a? — /(x — 2?) = m(x) - m(a?) certainly increases with x; hence it is 


true by induction for any positive integer *. From this we conclude, since 


=1+ >> 

that y(z)/(x—z?) is a function increasing with z, and hence that 
y(2?)/ (2? — 2”). Observing now that y(z?)—2x—y(z), 
we have, on the one hand, l}y(z)>-2, or y(z) 
> a[(2— a?) /(a—2)], and on the other hand, [(2?— /(x — 2?) ] 
xX > y(a?), or < [ (2? — 2”) 2”) ]. Taking de- 


rivatives of numerator and denominator in these expressions, we find, 


and 


Thus, lim inf y(z7)=1/(1+p), and lim sup y(z)=p/(1+ 


It will be seen that as p—1 these limits both approach 1%. It should 


be remarked, however, that they do not seem to be very close approximations 
to the actual limits of oscillation, as is evidenced by numerical calculation for 
certain particular values of p. The series y(2) converges so slowly for values 
of x near 1 that this calculation would be very tedious but for a device ascribed 
by Hardy to Wedderburn. We set up the companion series, 


log x ras (log x)? (log x)* 


1 1 


which is convergent for 0 < xz. If we then set (x)= y(x)— g(x), we have, 
F(x)+ F(a?)=y(x)— g(x) + y(2?)— 9 


{i+ (L+p)loge 1 (1+ p*) (loge)? \ 


2! 
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Now, lim g(x) =; therefore, if y(x) oscillates about the value 14 as 


z—>1-, F(x) will oscillate about zero with the same amplitude. Further, 
since F'(x)-+ F(a?) =0, we have F(x)— F (2) for any positive 
integer k. While y(z) converges slowly for values of x near unity, g(a) 
converges there very rapidly. A proper choice of k, however, yields series 
y(z") and g(x*"), both of which converge fairly quickly. Thus the relation 


y(x)= F(x)+ (x)= F(a") + g(x) = y(2")— + g(a) 


renders the calculation of y(2) comparatively simple for values of x near 
unity. In the figure are shown graphs of /’(z) for three values of p, namely 
p = 2.0, 1.75, and 1.5. It will be noted that the amplitude of the oscillation 
for p = 2.0 is of the order of five times that for p— 1.75, and one hundred 
times that for p—1.5. In the latter case then, the actual range of oscillation 
of y(x) at x =—1 is approximately from 0.499978 to 0.500022, whereas the 


bounds given by the expressions above are 0.4 and 0.6. 


7. Another Type of Oscillating Series. In the article mentioned above 


Hardy also discusses the series 
M(a)=1/(1+a)—1/(1+ pa)+ 1/(1+ +--+, 


He shows that this series likewise oscillates in the limit as a approaches zero ~ 
along positive real values. The behavior of M(a) near a0 is closely 
analogous to that of y(z) near z—1. In this connection it is interesting 
to note that the series M(a) may be obtained from y(z) by a rather simple 


transformation. ‘The series 
(x)= — + — +--+}, fixed, 


is uniformly convergent in the closed interval O=[2=€< 1. Therefore we 


can write 


tét+P 


The terms of this last series are, however, even for 1, not greater in 
absolute value than the corresponding terms of the convergent series of 


positive terms, 


4 

> 
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whence it appears that our series is uniformly convergent for 0[é<1. 
We may therefore pass to the limit, and write 


1 
0 
If we now set 1/t =a, we have the desired expression, 


M(a)=1/(1 + a)—1/(1 + pa)+ 1(1 + p’a)—+---. 


We proceed to develop some of the more interesting properties of this 


series. In the first place, 
M(a/p*)=1/[1 + (a/p*)] —1/[1 +(a/p)] + M(a)> M(a), 


and therefore the sequence, M(a), M(a/p*), M(a/p*),- - +, is monotone in- 
creasing. Since M(a/p?")< 1 for every n, it is also bounded above, and so 


possesses a limit. We set, lim M(a/p?")—y(a). This limit-function plays 
n—>0O 


a part similar to that of F(z). It is evident that »(a)= (pa) ; and also, 


since 
M (a/p")=1/[1 +(a/p")] — M(a/p™*) = 1/[1 + (a/p")] — M(pa/p?"), 


we obtain, when n is allowed to increase indefinitely, the relation p»(a) 


= 1—p,»/(pa). 
Again, since 
1 1 1 1 , 


and since 


1 1 1 1 
L+a/p™ 1 + ] [1 a/p™ | 


| + a/p 1 a/ pn /q ee 


we have 


| 1 1 1 1 
or p(a) =M(a)+M(p/a). From this relation we deduce 
u(a) =M(a) + M(p/a) = M(p/a) + M[p/(p/a)] = p(p/a). 


By means of these equations we can readily find the value of »(a) when 
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a=lora=p. For, in general, M(a) + M(pa) =1/(1-+<a), and in par- 
ticular M(1) + M(p) =1/(1 +1) =1/2. It follows that 


=M(1) + M(p) = 1/2. 


Thus, since p(a)—=1—p(pa), as a—-0 along the sequence of values 
1, 1/p, 1/p?,- - -,M(a) approaches the limit 1/2. There is, of course, an 
analogous sequence of values of a along which y(x)—> 1/2. 

Finally, if we let a—0 along the sequence 1/p/?, 1/p*/?, 1/p*/*,- - -, 
we may set p = q’, and then n(q) = M(q) + M(p/q) = 2M(q), which allows 
us to write a series for »(q) ; 


This series, however, although convergent for all gq > 1, converges so 
slowly for values of q near unity that computation becomes practically im- 
possible. 
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A NEW CALCULUS OF NUMERICAL FUNCTIONS. 


By D. H. LEHMER.* 


1. Introduction. In the theory of numerical functions there are two 
outstanding types of finite integration, namely 


(1) Sf) and (2) 


where 6 runs over the divisors of n. The first of these processes leads to the 
calculus of finite differences, while the second one gives rise to a calculus 
of numerical functions which has been extensively studied.t If we make the 
sums (1) and (2) homogeneous as follows: 


we obtain formulas for the n-th coefficient of the product of two power or 
Dirichlet series respectively. Both these sums are of the form > f(a)q(b), 
where (a,b) are solutions of y(a,b)—n, for y(a,b)—a-+b and ab re- 
spectively. 

It is the purpose of the present investigation to develop the fundamentals 
of a new calculus of numerical functions for which y(a, b)= [a, b], the least 
common multiple of a and b. That is, we shall discuss sums of the form 
nf (4)g(7), where it will be understood that for the subscript n, the sum 
extends over the solutions of [1,7] =n. Thus for n—6 


(4) 9(7) = 9 (6) + F(2) 9 (3) + F(2) 9 (6) 
+ f(3)9(2) + + (1) 
+ £(6)9(2)+ £(6)9(3)+ F(6)9(6). 


t 
2. The function d(i,n). In what follows we suppose that n = [] pr% 

where py are distinct primes. The function d(i,) may be defined as follows: 
d(i,n)= 0, if i is not a divisor of n. Otherwise d(i,n) is the largest divisor 
d of i for which n/d is prime to d. To obtain a formula for d(i,n) suppose 


* National Research Fellow. 
+ Dickson, History of the Theory of Numbers, Vol. 1, Ch. 5, 10, 19. 
¢ For another type of ¥(a#,y), see N. V. Bervy, Matematicheskii Sbornik, Vol. 18, 
pp 519-585. 
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t 
that i= JI pv’ where 0S fv S w, and that (k =1,2,3,-- -) are those 


p=1 


values of v for which Then d(t,n) = If aw—1, 
(v =1,2,- + -¢) then n is called a simple number. If n is simple, d(i,n)=i. 


If n is a power of a prime, then d(i,n)—1 or n according as i < n, or i=n, 


THEOREM 1. -If ig is a fixed divisor of n, then the solutions j of [%, 7] =n 
are =n/8, where are the divisors of d(io, n). 


Proof. If ip =1, the theorem is obvious since d(1,n)=1. For i) >1, 


let us order the prime factors py of n = [| py in such a way that 


h t 
io II pv II 
pr1 


v=h+1 
where By < a. Any solution j of [%, 7] —m, must be a divisor of n. Let 
t 
j =I] py”, then it follows from the definition of the L. C. M. that y» must 
p=1 
satisfy the following requirements 


(I) max. yv) = a (v=1,2,:°-,h) 
(IT) max. (Br, yv) = dy (v=h 1, t) 


(I) is satisfied for any yy such that 0 S yy S a, while (II) requires yv = a. 
h t h 

Hence j =] py’ JI pv» = n/8, where 8 divides [J px” = d(io,n). Hence 
v=h+1 y=1 

the theorem. 


CoROLLaRY 1. If n = p%, then 


Proof. Since in this case d(i,n)— 1, or n according as i < n, or i—=n, 
the corollary follows from the theorem by collecting the coefficients of f(p*). 


3. Factorable Functions. A numerical function f(n) is said to be fac- 
torable if f(1)—1, and 
f(n)f(m)—= f(mn) 


for every pair of coprime integers m,n. In particular 


f(n)—= IL f(y). 


THEOREM 2. If f(n) and g(n) are factorable functions then F(n) 
= (4) g(7) is also factorable. 
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Proof. Let m,n be any pair of integers for which (m,n)—1, then 
F(m)F(n)= f(t) (ji) Bn F(t2) 9 
Since (i, 12) = J2)=1, it follows that | 
(S) P(m)F(n)= f (tite) g (jrje)- 
Since also j2) (te, j1)—=1, we have 
= Ja] [t2,J2] = mn. 

Therefore every term of the above double sum (S) appears in 

(8’) (mn) = (4) 9(7)- 


Conversely if [1, 7] = mn, then [(m, 1), (m, 7) ] = mand [(n, 1), (n,7)] =n. 
Hence if 1; =(m, 1%), =(n, 1), j1 =(mM, J), Jo =(n, 7), then j1] = m and 
[t2, 72] =, so that every term in (S’) is in (S). Therefore 


F(m)F(n) = Smnnf (i) (j) = F (mn) 
which is the theorem. 


THEOREM 3. If f(n) and g(n) are factorable functions, then 


t ay 
(6) Saf —= LL 9 ( po") + 9 
This follows immediately from Theorem 2, and Corollary 1. 


4. Integration. The following lemma which properly belongs to section 
8 is interpolated here to facilitate the proofs of Theorems 5, 9, 11, and 12. 


Lemma. If f(n), g(n) and h(n) are any numerical functions, then 


(4) Dig (jr) (j2) Vif (71) (Je) 
where [j1, jo] =). 


Proof. Consider all one rowed matrices (11, iz, i3) for which [11, is, is] =n. 
Then it is seen that each of the sums of the theorem is equal to 


(i) 9 (t2)h (ts) ts] =n. 
Let us now consider in detail the case in which g(n)—1, or in other 
words sums of the form 


(7) (t)= F(n). 


The operation which carries f into F is a type of finite integration, analogous 


it 
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to the well known types (1) and (2), and may be referred to as L. C. M. 
integration, or simply integration when no confusion can arise. 
The sum of the type (2) may be reduced to the type (1) as follows 


where e(x)—1, or 0 according as x is or is not an integer, but it is seldom 
advantageous to discuss a sum over divisors in this form. In a similar way 
a sum of the type (7) may be written 


(8) (t)= 2 f(8) (4(8, 2) ) 
where y,() is the number of divisors of n. Although this is a sum over 
divisors it is not always easily dealt with as such. 


5. The Inversion Function. In the present theory the following function 
takes the place of Mobius’ » function. 


THEOREM 4. Let M(n)= {(av +1)*—a*}, M(1)—1, then 
(i) = [1/n]. 


Proof. Obviously M is factorable and the theorem is true for n=—1. 
If n > 1, by (6) 


SoM {M(1)+ M(py) + M (po) + (av + 1)M (pr) } 


+ ay? —(av—1)++(a +1) +1)*— =0; 
hence the theorem. 


THeorEM 5. If then f(n)= (t)M(j). 


Proof. (7) Dif 


This follows from the Lemma with i and j interchanged and one of the 
functions identically 1. But }iM(i:)—[1/i]. Hence the theorem. 

This theorem is an analogue of Dedekind’s inversion formula, and gives 
an explicit formula for the derivative of F. 


6. Successive Integrals. Any numerical function determines a sequence 


(9) f-2(n), f.(n), fo(n), fi(n), fo(m),° 
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in which frsi(n)= Snfr(t) or, what is the same, fr1(n)—= DSnfn(t)M(j). 


THEOREM 6. If any fr is factorable, so is every function of the se- 
quence (9). 


This follows at once from Theorem 2. 
THEOREM 7.* Let f and g be two factorable functions and let 


f(p*) = p(p*"*)— p(p*) 
(p*) = 8(p*")— 8(p*), 
p(1)=0(1)=0. Finally if F(n)= Sf(i)g(j) then 
(p*) = p(p*) 6(p*). 
Proof. By Theorem 3, 


= {p(p**)— p(p*) } + 8(p*) } 
= p(p*) (p*); 
which is the theorem. 
To study the properties of the general sequences (9) it is first necessary 
to consider the special case in which f)(n)—=[1/n]. The r-th member of this 
special sequence we denote by M,(n). 


THEOREM 8. If M,(n)=[1/n], then {(a +1)"— =M,(n). 


Proof. In Theorem 7 put 0(p*)—«a. Then g(n)—1. Assume the 
above expression for M,(n). Then if we set p(p*)—= a" we have f(n)= M,(n) 
and by Theorem 7, +1)7*— If we put 
6(p*)= a1, then g(n)—M(n) and for the same choice of p(p*), Mr-1(p*) 
= (1) M(j)=(« +1)"*— at. But the theorem is true for r=0. 
Hence the induction is complete. It is to be observed that 


M(n)= M_,(n), M,(1)—1. 


The formula for M,(n) must not be used for n =1, r< 1. 


* An equivalent statement of this theorem: 2F(5)= Zf(5)Zg(5), 5|n, has been 
given by von Sterneck, Monatshefte fiir Mathematik und Physik, Vol. 5 (1894), 
pp. 255-266. In this form the theorem is true for non-factorable functions as well. 
Von Sterneck’s proof is not adequate however. A rigorous proof of his general theorem 
will appear in a forthcoming paper. 
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THEOREM 9. If fo(n) is any numerical function, then 
fr(m)= Mr (4). 
Proof. The theorem is trivial for r—0. Assuming it true for f,(n), 
we may write, (using the lemma with g(n)— 1) 
frst (= Dn Difo(j1) Mr (je) 
Lnfo(t) (jr) = Dnfo(t) Mri (7). 
For fr-1(m) we have 
fra(m)= (1) fr (7) = (1) Difo (jr) Mr (Jz) 
= Xnfo(t) Maa Mr (j2) = Lnfo(t) Mrs (7). 


This proves the theorem. 
Since f,(n) defines the same sequence (9) as does fo(m) we may put the 
preceding theorem into the following form. 


THEOREM 10. Jf r=r, +5, be any two partitions of r, then 
fr(m) = Me, (7) = May (7). 
More generally we have 
THEOREM 11. If r=1r, + 5:—12+ 82, then for any pair of numerical 
functions fo(n) and go(n), 


(4) Jai (J) = 
Proof. 
(4) (7) = (1) (71) Ms, (je) 
dnGJo(t) (71) Ms, = fr (7)- 
The last two equalities follow from the Lemma and from Theorem 9. Since 
the last result does not depend on r, and s;, but only on their sum, the 


theorem follows. 
The preceding theorem justifies the following notation 


As r+ s varies we obtain a sequence 
(10) ...Fs(n), Fo(n), Pa(n), Po(n), F2(m), 


The relation between any two elements of the sequence (10) is the same as 
that between corresponding elements of (9). To show this it is sufficient 


to prove the following: 
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THEOREM 12. If Frig(n)= DSnfr(t)gs(j) where fo and go are two arbi- 
trary functions, then 
Fra (n) (1) 
Proof. By definition 
(0) = (7) = Vnfo (4) Digr (jr) 
= Dn Difo(jr) Gr (jz) = 
which is the theorem. 


%. Multiple Integrals. It is possible to give another interpretation to 
the sequence (9) for r>0O by considering all the one rowed matrices 
(io, is, tr) of positive integers whose L. C. M. [%, ti, t2,° *, tr] =n. 
THEOREM 13. If f-(n), r>0, is a member of the sequence (9), then 


fr(n) = [to, 1, tr] 
Proof. The theorem is obvious for r= 1 as it reduces to the definition 
of fi(m). Assuming the theorem true for f,(m) we have 


frii(n) = Dnfr (2) 
= Sndfo(to) [to, 1, ° °°, j] =n. 
If we write 7 = tri, we have 
[i | = i; ty], | [105 i, 
Then (2) = Sfo(to) [to, 425° trea] 
This completes the induction. 
If we set fo(n)=1—M,(n), we find by applying Theorem 13 that the 
number of solutions of 
[%0, ii, te, tr | = n 

is M,,,(n). These matrices correspond to the r-th divisors* of n in the 
calculus of divisors. 

8. General r-th order Inversion. From Theorems 9 and 13 we obtain 


the following generalization of Theorem 5. 


THEOREM 14. If 


F(n)= Xf (to) [%0, 415° =n 
then 
(12) f(n)= SP (to) M (t1) M(i2) M (ir). 


* American Journal of Mathematics, Vol. 52 (1930), pp. 293-304. 
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Proof. If we write fo for f, then Fy =f, by Theorem 13. 

replace [txs1, tr] by jx =0,1,-- r—2, and have [%, jx] = jus 
In particular [%io, jo] =. The sum in (12) may be written 

Lnfr(to) (tz) M (tr) = 
(13) (to) DieM (tz) (tr-2) (tra) M (tr). 


But the very last sum has the value M_2(jr-2). The last two sums therefore 
may be replaced by 


(tr-2) M-2(jr-2) = M-s(jr-s). 


Continuing this process the whole sum (13) is seen to collapse to 


(to) (jo) fo(m) 
by Theorem 9. This proves Theorem 14. 


9. L. C. M. Multiplication. The sums (11) and (12) are the simplest 
examples of the general type 
(14) F(n)= fe (ts) fr(tr) 
where fv(m) are any numerical functions (not necessarily belonging to a 
sequence (9)). The function F might be called the “L. C. M. product ” * 
of the f’s, and we might write F fr. Such a symbolic product 
enjoys all the properties of ordinary multiplication and with this operation 
as basis, it is possible to construct a theory of numerical functions of which 
the present paper is but a small part. 


10. Examples. The following examples illustrate the nature of the 
functions in the sequence (9), which arise from a number of familiar fac- 
torable functions. 


fo(n) fr(p*) 
I nit peat M,(p*)ox(p*) 
— ar a odd 
d(n) (a+1)" even 
III 
IV (n) (a +1)? — pe-Dkgr 
V 2a” + M,(p*) M2(p*) 
vI A(n) Apt) Mar(p*) /Mr(p2). 


* This is the analogue of what E. T. Bell designates ideal product in the divisor 
theory. Compare: University of Washington Publications, Vol. 1, No. 1, pp. 9, 10. 


A NEW CALCULUS OF NUMERICAL FUNCTIONS, 


To illustrate L. C. M. products we give the following examples: 


VII wy (7) = pr (1) pr (1°) 
vill A(n) 
IX —A(n) TL 


where f is any factorable function. The next 5 examples illustrate the 
L. C. M. powers of certain functions. 


XI (7) = (2) 

XII — y, (n?) 

XIII = [1/n] 

XV XP (to) (tr) (n). 


In the last two formulas [%, -,ir] =n, ( r > 0). In the above table 
t(n) 

A(n) = [I (—1) is Liouville’s function, ox(n) is the sum of k-th powers 
p=1 


t 
of the divisors of n, and ¢(n) =n* [JT (1—py*) is Jordan’s generalized 
p=1 
totient function. 


11. Periodic Sequences. Thus far we have developed features of our 
calculus which have precise analogues in the divisor calculus. It would be 
misleading not to consider some of the essential dissimilarities of the two 
theories. The first of these has to do with periodicities in the sequence (9), 
and its divisor theory analogue,* namely the sequence obtained from fo(n) 
by repeated application of the operation (2). One may show that no sequence 
of this latter type is periodic except for the trivial case of fo(n)==0. For 
the sequence (9) however we see from example III that the sequence defined 
by fo(n)—p(n) is periodic with the period 1. To show that this is essen- 
tially the only periodic sequence, we use 


THeoreM 15. Jf f(n) satisfies the following conditions. 
(15) f(m) = Mr (7) (r 0) 
(16) f(1) =0 


then f(n) vanishes identically. 


* For a detailed account of this sequence see American Journal of Mathematics, 
Vol. 52 (1930), pp. 296-299. 
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Proof. Suppose that f(m) +0. Then an integer L exists such that 


(17) f(v) =0, v<L, L>1. 
In (15) set n = Z, then in view of (17) 
(18) f(L) = M,(8). 
But 


Since r+£0, (18) implies that »,(L)—1, which contradicts the hypothesis 
I >1. Hence the theorem. 


THEOREM 16. If f(n) = Snf(t)M-(j) then f(n) =—f(1)p(n). 
Proof. Let f(n) —f(1)u(n) = x(n) then 
Dox (i) My (7) = Saf (i) Me (7) —f(1) (i) Mr (7) 
=f(n) —f(1)p(m) =x(n) 
by hypothesis and example III. Moreover x(1) —0 and therefore by 
Theorem 15, x(n) vanishes identically. Hence the theorem follows. 
Thus if any two members of a sequence (9) are equal, all members are 


equal and are proportional to the » function. This property of » is only 
a special case of 


THEOREM 17. Let g(n) be any numerical function for which g(1)=1, 
then Sng (i)e(j) = n(n). 
Proof. By Theorem 1 


Xing (t)u(j) = Bg(t) w(n/8). 


i|n 5|d(i.n) 
Since is factorable = p(n/d(i, n))u(d(i,n)/8). Hence 


dli,n 


It follows that the coefficient of g(i) is 0 or w(n) according as d(i,n)> 1, 
or —1. Hence, if n is not simple, »(m)—0O and the whole sum vanishes 
proving the theorem. If n is simple we have seen that d(i,n) =i. In this 
case the only non-zero term is that for which i—1. Hence Sng(t)(J) 
=g(1)n(n)—p(n). This proves the theorem. By Theorem 16, u is the 
only function which satisfies Theorem 17. 


| 
| 
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CoroLuaRy. If g(n) is any function at all, then 


(19) 2ng (t)u(7) = 9 (1) n(n). 
12. The Equation f-g =h. In the preceding section we considered two 


special cases of the equation 
(20) (1) 9 (7) = h(n) 


in which h(n) =f(n). The equation (20) has other special cases which 


should be compared with those of its analogue 
(21) 2 f(8)g(n/8) =h(n). 


For brevity we shall write (20) in the form f:g —h, adopting the notation 
of section 8. Likewise (21) will be written fg =h. 

Case I. f=g=—=h. It may be shown that the only solutions of ff =f 
are f(n) =0, f(n) =[1/n]. The equation f-f—/f has however an infinity 
of solutions. To exhibit infinitely many factorable solutions it is sufficient 
to select any finite or infinite increasing sequence {vm} (k=—1, 2,3,- - -) 
of non-negative integers. Define f(n) as that factorable function for which 


ie) { 0, otherwise. 
Then by (5) 


If « is not a member of the sequence {v}, the right hand member of (22) 
vanishes. Otherwise it becomes for « = vz 
k-1 
14+3(—1pP (— 1) 1 + (1 —(— 1) 
a=0 
Therefore f- ff. Special examples of these functions are [1/n], p(n), 
A(n). There are also infinitely many non-factorable functions for which 
Case II. f=g, h(n) =[1/n] =M(n). The equation ff —M, has 
only two solutions f(n) = + M,(n). But f= Mp, has infinitely many 
other solutions. To exhibit infinitely many factorable solutions choose any 
function for which 6(1) =1, 6(n) (n>1). Define f(n) as 
that factorable function for which 


f(p*) = O(a + 1) — 4(a), a> 0. 
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Then by Theorem 7 
(i) f(j) = +1) — = 0. 


Obviously for n= 1, f-f=1. Hence for any such f, The only 
never vanishing factorable solution of this equation is f(n) = 2*°”A(n), 
obtained from 6(n) = (—1)"** (Example XIII). 


Case III. h=0O. The equation fg implies either f(n) or 
g(n) =0, or both. However one may find infinitely many solutions of 
f-g =0 in which neither function is identically zero. In fact it follows from 
the corollary of Theorem 17 that if fy, then f:g —0 is satisfied by every 
function g, which vanishes for n = 1. 

The discussion of the infinite series aspect of the above theory will be 


included in a paper on infinite series in general. 


— 


ly 


ON CERTAIN IDENTITIES IN THETA FUNCTIONS. 


By SmirH Park. 


1. Introduction. The object of this paper is to obtain certain identities 
in Jacobi’s theta functions, by a method essentially the same as that used by 
Latimer in his paper, “On Certain Identities in Theta Functions.” * In 
that paper sets of integral elements in generalized quaternion algebras were 
used in which all the parameters a, 8, y were odd. It is proposed in this 
paper to obtain similar identities when y= oe, where o is an odd integer. 
The sets of integral elements, to be used in obtaining the first identities, 
were obtained by Miss Darkow + for a generalized quaternion algebra A. 
The elements to be used in obtaining the last two identities are algebraic 
numbers. 

2. Change of notation and definition of sets. Consider the rational 


algebra A, with the basal numbers 
1, I =(By)%i, J =(yx)*), K =(«B) *k, 


where y = 20 and @, 8, o are positive odd integers such that «Bo contains 
no square factor > 1, and 1, j, & are the usual quaternion units. 

In Miss Darkow’s algebra A the multiplication table involved two even 
parameters « and 8 which were factored into 


% == B= 2v8, 


where p, v, 8 were odd integers and 28 was the positive g.c.d. of a and B. 
If we assume that « < 0, 8 > 0, and in the multiplication table of A replace 
By Vv, 8, 1, C2, €3 by —B, a, o, I, J, 20k respectively it will be seen that A 
is equivalent to A;. The multiplication table of A, is 


2 By, J? = — ya, == — a8, 


Let «= Aa’, B= BR’, o=—Co’ where A, B, C are defined as follows. 
A is the product of all the prime factors A; of « such that — 2Bo is a 
quadratic non-residue of every Ai; or A 1 if @ contains no such factor. 
Let B, C be similarly defined by a cyclic interchange of A, B, C; Ai, Bi, Ci; 
a, B, 20. 


* Transactions of the American Mathematical Society, Vol. 42 (1930), pp. 832-846. 


+ Annals of Mathematics, Vol. 28 (1926-27), pp. 263-270. 
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The properties of the integral elements of A obtained by Miss Darkow 
will be enumerated in the new notation. There are odd integers Hi, Fi, Hi 
prime to f’, 2’, o’ such that 


1 + =0mod f’, 1+ 1+ =0 modo’. 
Define the class 17k of algebras A; as the class of algebras for which 
— Bo=imod8, w=jmod8, —aB=kmod 8. 


Since ij =k mod 8, algebras of four types are defined. 


A, of type A, of class. 
A 155 375 515 
B 133 357 573 717 
C 111 331 551 771 
D 177 313 537 1753 


Define set S’ as the totality of elements in the form 


where é, 7, €, A are integers which satisfy one congruence of each pair of the 
equivalent congruences 


n=2Ao’EX or 
(2) €=2BoFX or A=—PCFEmod 2’, 
£= or AHEmodd, 


and also satisfy condition (3) below. LH, F, H are arbitrarily chosen Ej, F%4, 
H; mentioned above. Let 8”, S’’, S'Y, SY, SY! be defined in the same way 
except that instead of (3) we employ (4), (5), (6), (7), (8) respectively. 


(3) €é=Amod 2, even, n=€mod 4; 
(4) €é=A=1mo0d2, leven, mod 4, 
or €=A=0mod2, 7, even, n={mod 4; 
(5) é=Amod 2, 4; 
(6) =)=0mod2, 7», even, n = 4, 
or €=A=1mod2, 2 mod 4, 
or éeven, n, €, A odd, n = {mod 4, 


or Aeven, é,y,€odd, »=f£+2mod 4; 


| 
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(7) €=Amod 2, », even, n= mod 4, 
or =Amod2, y,fodd, y»=f£+2mod4; 
(8) €=A=0mod 2, 7», even, n = mod 4, 
or €=A=—1mod2, feven, 2 mod4, 
or éeven, »=f£+2mod4, 
or Aeven, é, n, € odd, n = €mod 4. 


Let E”’, E’’, be integers, congruent mod to such that 
o E’ = CE” = = =1 mod 8. 
Let F’, - -, satisfy the conditions 


Bo’ F’ = Ba! H’ = = 
= = 3Ba’H’” = = =1 mod 8, 


where each F” is congruent mod a’ to F and each H“ is congruent mod o’ 
to H. 


3. Construction of the theta functions corresponding to sets S‘ and 
derivation of the identities. It may be shown that », ¢, A satisfy (2) and (3) 
if and only if they may be written in form (9) below with r and p subject 
to the indicated inequalities. Similarly 7, {, A satisfy (2) and (4), (5), or 
(6) if and only if they may be written in the forms (10), (11), or (12) 
respectively. Let (11’), (12’) be the forms obtained from (11), (12) re- 
spectively by replacing E’, F’, H’, E”, PF’, H”, by H’”, 
respectively. Then it may be shown that », ¢, A satisfy (2) and (7) or (8) 
if and only if they may be written in the forms (11’) or (12’) respectively. 


A= + 17, 
(9) = + 2Ao’Er — 2af’Hp, 
+ 2Bo’Fr + 2a’p, 
OSp< 2’. 


A = +7, 
(10) + 2(p’ + AE)o’r — 2af’Hp, 
£ = + 2Bo’Fr + 2a’p, 
< 0S p< 2’. 


A= 2a’B’m, + 1, 
(11) = + 2Ao’E’r — af’ H’p, 
£—= + 2Bo’F’r + a@’p, 
0=r < 0OSp< 
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A= +1, 
(12) = 48’o’m, + 2(B’ + AE”)o’r —(aH” -— 20’) B’p, 
£ = 40’0'm; + 2Bo’F’r + a’p 
O=r < 0OSp< 


Let q be a complex number, | q| <1; a=A/a’, b—=B/f’, c= C/20' 


and 
F(w; > 
my, 
me 
m3 
where the summation extends from —o to +0; 17, p are integers; 


A= 20/B’m, +7; yn, € are given by (9), (10), (11), (12), (11’) or (12’) 
according as j —1, 2, 3, 4, 5, or 6. We may write 


F(w; r)= [AB(w rki), 
where 2k = log q, and #3 is Jacobi’s theta function. Hence F is absolutely 
convergent. The other twelve functions may be similarly expressed in terms 


of theta functions and hence are absolutely convergent. Let s, p be integers 
such that < 0/8’, OS p< 20’. Then 
Wii (8, p)=03(x)F (w; 28) Gi (y; 28, p) 2s, p) 


where the summation extends over all quadruples €, y, ¢, A such that 
€é=A=0mod2, feven, mod 4, 


and such that y, £, A may be written in form (9) with r replaced by 2s. 
For every term of y1:1 there is a corresponding element of S’. Conversely, 
if Q is an element of S’, with & even, there is a uniquely determined pair of 
integers s, OSs < p< such that contains exactly one 


term corresponding to 2. Let 
p)= 02 (x) 28 + 1)Gi(y; 28 + 1, p) 28 + 1, p) 
and repeat the above argument except that 


é=A=1mod2, y,feven, »=—€mod 4. 
Then 


a’B’-1 20’-1 


$,(2,y,2 0) =D [Yu type] = gh 


p=0 Q 
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where, assuming for the present that x, y, z, w are real 


R(QX’) is the real part of the quaternion 2X’; and the summation extends 
without omission or duplication over the elements of 9’. 


Let 


Yor (8, p)= V2(x) F (w; 28 + 1) G2(y; 2s + 1, p)H2(z; 2s +1, p), 

Yoo (8, p)= 93 (x) F (w; 2s) G2(y; 28, p) H2(z; 2s, p), 

Ws1(s, p)= F (w; 2s +1)Gs(y; 2s + 1, p) Hs (2; 2s +1, p), 

Ys2(8, (x) F (w; 2s) Gs(y; 2s, p) Hs(z; 2, p), 

Wai (S, t) = (x) F (w: 28) Ga(y; 28, 2t) Ha(z; 2s, 2t), 

Wao (Ss, t) = F (w; 2s + 1) Ga(y; 2s + 1, Hy (z; 2s + 1, 2t), 

Was (S, t) = F (w; 28s + 1)G4(y; 2s + 1, 2¢ + 1) 28 +1, 2¢+4+ 1), 
Waa (s, = 0. F (w; 28) Ga(y; 28, 2¢ + 1) Hy (z; 2s, +1), 

and 


a’B’-1 20'-1 

(2, Y, w) = >» [Woi(s, Pp) p) I, 
a’B’-1 40°-1 

= p) + Ws2(s, p)], 


s=0 p=0 


a’B’-1 20’-1 


=X t) + Ya2(s, + Yas (s, + Yaa(s, 


t=0 


Let ©;(2,y,2,w), ®6(2,y,2,w) be the functions obtained from 
®;(2, y,2,w), respectively by replacing G;, Hs, Gs, Hs by 
G;, H;, Ge, H, respectively. Then it may be shown as for ®, and S’ that 


y, 2, D> Qh M e2ROXi, (j=1,2-- 
Q 


where the summation extends over the elements of S‘’. For each of the 
sets S‘ we thus have a ®; such that the terms of ®; are in one-to-one corre- 
spondence with the elements of S‘. By Miss Darkow’s results, the sets 
indicated below have the properties R, C, U, M according as the algebra 
is of type A, B, C or D. 

Type A, S&S, 

Type B, 8”, 

Type C, 98”, SY, 

Tre D, 


If we let S be one of the S‘ which has these properties and let ® be the 
corresponding ®;, then the argument of Latimer’s paper beginning, “ Let 


it 

H 
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Li, 21, Wi be. ..,” and leading to equation (1) may be repeated word 


for word, except that we set 
and employ the ®, 8S, XY, QO of this paper. We obtain 


THEOREM 1. Let 8 be one of the S‘? (j= 1,2,- -6) which has the 
properties R, C, U, M and let © be the corresponding ®;. If U is an element 
of S of norm unity and if 21, Y1, 21, wi are defined in terms of x, y, z, w 
by means of XU = X,, then 


(2, y, 2, W)= Yi, 21, W1). 


The theorem is trivial for certain U’s, for example 1. Furthermore, there 
may not be a set with a unit yielding a non-trivial identity. It may be shown 
that if « = B= 1 and o be a product of distinct primes in the form 4n + 1, 
then the algebra contains a set with a unit which yields a non-trivial identity. 


4, An identity based on A=s?-+ prt?. The sets of elements used 
hereafter will not in general be integral. Let r and p be positive integers 
and let s and ¢ be integers such that s is prime to 


A= + pri?. 
Let p=1%, r = ip® and let S be the totality of numbers in the form 
Q = A4*(ép + yr), 
where € and 7 are integers such that 
s§ = pty mod A. 
Let 8; be the totality of numbers in the form 
Q, = + 


where €, and m are ordinary integers. 
If U = A-4(s + tpr) and 
QU Q, 
it may be shown that Q, belongs to S, if and only if Q belongs to 8. 
It may be shown that if 


(2, y)= (rtarsy) [Ara prtpkt, [Apy — pspkr, 


where k = log q, then 
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where € and y range over all integers such that 


= pty mod A, 7 = sp mod A, 
Then 


A-1 
y)= Dd F(z, y) = Qh 
u=0 


where X = A%(pz + ry), and the summation extends over all numbers of 8. 


It may also be shown that 


where X, pz, + 7y:, and the summation extends over all numbers of 
Let 21, yi be defined in terms of 2, y by 


X, = XU, 
or su — pty, 
Yi = rhe + sy. 


By means of 0, = QU we have a one-to-one correspondence between the terms 
of and For corresponding terms 


N(Q,)= N(Q)N(U)= N(Q), 
0,X’, =(QU) (XU)’ =(QU) (U’X’) = OX". 


Hence corresponding terms are equal and 


V(x, &(z, y)- 


If we express this in terms of theta functions and replace rAz, pAy, rz, py. 
by 2, Y, V1, y1 Tespectively, we obtain the identity below. 


THEOREM 2. If r and p are positive integers and s, t are integers such 
that s is prime to 
A= s? + pri? 
then 


A-1 
where = (sx — rty)/A, =(pta + sy)/A. 


5. An identity based on A? =s?-+ pri?. Let p, r, s, t be defined as 
before and let 
A? = s? + pri? 


where A is a positive integer prime to s. 
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Let S be the totality of numbers in the form 
Q = &p + yr, 
where &, 7 are integers such that 
sé = pty mod A, 
and let S, be the totality of numbers in the form 
Q, = Esp + mT 
where &,, 4: are integers such that 
sé, =— ply, mod A. 
Let U =s + fpr. 
If QU = AQ, then Q, belongs to S, if and only if Q belongs to S. If 
» is an arbitrarily chosen integer and if 
Du (x, y) = (rtarsw 9, (rAx — Aprtpki, — pAspki, 
then 
(2, y)= > 
where the summation extends over all pairs of integers €, y such that 


é= pty, n = Sp mod A. 
Therefore 


A-1 
&(z, y) = (2, y)= > 
u=0 Q 


where the summation extends over all the numbers of S and 
X = ap + yr. 
Let 
( Yr) = (rAr, + Aprtuki, (pAy, — pAspki, g?*) 
then 
and the summation extends over all pairs of integers €,, , such that 
é, =— = sp mod A. 
Therefore 


A-1 
u=0 


where the summation extends over all numbers of S, and 
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Xi Tp YiT. 


The terms of ® are in one-to-one correspondence with the terms of ¥ 
and for corresponding terms V(Q)— N(Q,). If we set 


= (se pty)/A, 
or yi = (rtx + sy) /A, 


it follows, as before, that 
&(z, U(x, Yi). 


If we express this in terms of theta functions and replace qg“*, Arz, Apy, i) 
Arz,, Apy: by q, Z, —%, Yi respectively we obtain the identity below. 


THEOREM 3. Let p, r be positive integers and let s, t be integers such 
that 
A? = s* + prt’, 
where A is a positive integer prime to s. If 


A-1 


P(x, y)= (x — prtpki/A, — pspki/d, q?), 

=0 

then F(x; y)= F (a1, 
where =(— sx + rty)/A, =(pta + sy) /A. 
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ON THE ZEROS OF A POLYNOMIAL AND OF ITS DERIVATIVE, 
By Husert E. Bray. 


1. Introduction. This paper deals with polynomials all of whose roots 
(zeros) are real.* We subject the roots of the polynomial P(2) to certain 
simple operations and study the effect of these operations upon the roots of 
the derivative P’(z). The main object of this study was to find a proof of the 
theorem (A), below, which is a striking extension of the classical theorem on 
the coincidence of the respective centroids of the roots of P(x) and P’(z). 

The statement of the theorem, communicated to the writer by Doctor J. 
Shohat, originated with M. T. Popovici. 


THEOREM A. If P(x) isa real polynomial of degree n = 2, whose roots 
* * In, are all real and non-negative, and if the roots of P’(r)= 
DzP (ax) are &1, +, En-1 and tf m is a positwe integer, then 


2i"/n= i"/(n—1). 


The equality is valid if, and only if, either m = 1 or all the roots are equal. 


It is a little surprising that a theorem so simple in statement, whose 
proof requires fairly elementary methods, should be new. This may be due to 
the fact that the theorem, so far as the writer could determine, is not imme- 
diately deducible from the well-known recurrence formulae of Newton, which 
would seem at first glance to provide a natural method of proof. The writer 
proved a few special cases of the theorem (m = 2, 3, 4, 5), by direct use of 
Newton’s formulae, but the calculations became quite complicated as m 
increased and seemed to lead to no general method. However, he was led by 
this means to a stronger inequality than that of Theorem (A). This inequality 
is established in general in § 4. 


2. Auathary Theorems. 


THEOREM 1. If P(x) is a real polynomial, all of whose roots are real, 
then in the domain of real numbers the polynomial 


* In what follows we shall refer to the roots of P(#)=0 as roots of P(a#), instead 
of zeros; this is in order to avoid awkwardness of expression in distinguishing between 
zeros which are equal to zero and those which are not. 
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is never negative and vanishes at multiple roots of P(x), but at no other 
points. If a’ is a multiple root of P(x), of order k, 2’ is a multiple root of 
P’?— PP” of order 2k — 2. 
The proof is immediate. Write 
where Q(z’) 0. We have, after differentiating twice, 
— PP” — —2’)*(Q* — QQ”) + k(a—— 


Assuming that the theorem is true for the polynomial Q of lower degree it 
follows immediately for P. It is obviously true when Q is of the form 
(2— 2)" and we may take this as the initial case in order to complete the 
proof by induction. 

The proof of theorem (A) may be simplified in the following manner. 
Let 


n n-1 
som) = /n Ex™/(n 1) 
i=1 i=1 


and suppose that all the roots of P(x) and P’(x) are subjected to a positive 
displacement of magnitude h; then the quantity 8°” becomes a function of h, 
(h) 8™(0)— 8". Replacing zi by vi +h, & by & +h we obtain 
easily 


since 8 is zero. It follows immediately, from this formula, that if Theorem 
A is true in the case where the smallest root of P(x) is zero, then it is true, a 
fortiort, when all the roots are positive. In future, therefore, we may confine 
our attention to this case and we shall write P(a2)—= 2*Q(a), where Q(z) isa 
polynomial of degree n — k. 

We next consider the effect produced upon the roots of P’(#) when we 
subject the non-zero roots of P(x) to a positive displacement, the other roots 
of P(a) remaining equal to zero. To fix the ideas let Q(x) represent a poly- 


nomial whose smallest root is equal to zero and write 
P(z,h)=2*Q(«— h), 
so that the smallest positive root of P(az,h) is equal to h. By varying the 


parameter h the positive roots of P(x,h) are rigidly displaced. We now prove 


THEOREM 2. If 
h)=2*Q (a — h) 
10 
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where k is a positwe integer, and if & is a positive root of P’(«,h) = 
(0/dx) P(x, h), but not a root of P(2x,h), then € is an increasing function 
of h such that 
0 < dé/dh < 1, (h=0). 
We have 
P’(z,h)= (a4 —h)+ 2'Q’(a@—h). 
Consequently, 
— kQ(E—h)/V' (E—A). 

Since é is positive, and not a root of Q(a—h), @(€— Ah) and Q’(Eé—h) are 
different from zero and of opposite signs. Differentiating with regard to h 
we have 

Q” (é—h)— QO(E—h) Q” (E—h) , 

By Theorem 1 the first factor of the right-hand member is positive, since € is 
not a multiple root of Q(a-——h). Hence & and 1— & are of the same sign 
and therefore both are positive. Explicitly we obtain, on eliminating &, 


& = — 00”) /[E(Q” — 00”)— 


This quantity is clearly positive, and less than unity, since QQ’ is negative; 


thus the theorem is proved. 


3. Proof of Theorem A. The proof of Theorem A is effected by show- 
ing that Theorem A is implied by Theorem B, below, as follows: Suppose that 


the different roots of P(x) in ascending order are 0, a1, d2,° °°, Gp, with 
respective multiplicities mo, mi, M2," Mp. Let 

a, a, = he, Ap — = hy, 
where h;,° - -, hp > 0, and consider the sequence of polynomials, of degree n; 


which are related in the following manner: 

The roots of P; are obtained from those of Pi_, by decreasing all the 
positive roots of Pi-, by the same quantity hi, the zero roots of Pi-, remaining 
unaltered, (11, 2,---, p). In p stages P(x) is thus transformed into 
P,(z)= 2", the case in which Theorem A is evident. Hence the theorem will 
be established in general if we can show that the quantity 8°” formed for 
Pi.:(z) is greater than the corresponding quantity formed for Pi(z). But 
if we represent P;(z) by the formula 


Pi (x)= 2'Q(z) 


| 

| 

| 
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where the smallest root of Q(z) is equal to zero, then 


(x)= — hi) (i 


1,2," p)- 
It will be sufficient, therefore, to prove that if 
P(2,h)=2'Q(x—h) 


then 8“) formed for the polynomial P(z,f) is an increasing function of h. 
In other words, Theorem (A) is implied by the 


THEOREM B. If the smallest root of Q(x) is zero and if h= 0, and 


(i =1) 
and 
(h) = &™/(n —1) (m = 2) 
1 1 


where {xi} are the roots of P(x, h) and {&} the roots of P’(x, h), then (h) 
is an increasing function of h. 


We prove that dé” (h)/dh is positive. On differentiating with regard to 
h, remembering that dzi/dh is equal to 1, if 7; is positive, and equal to zero 
otherwise, 


ds™ (h) /dh =m — — 1) ]. 
1 


Hence 


(h) /dh — (h) = m £3) 
i=l 


Now, if h is positive at least one of the roots 2; is positive and therefore at 
least one of the roots & is positive and unequal to any z;. Hence, by Theorem 
2, the right hand member of this equation is positive. The proof is now com- 
pleted by induction. Assuming that 8“ (h) is an increasing function it 
follows that Theorem (A) is true in this case; that is, 8"- (h) is non-nega- 
tive and consequently 

(h)/dh > 0 (h>0).. 


Since 8° (h) is clearly a continuous function it is an increasing function 
(h=0). 
Hence Theorem B, and with it, Theorem A, is proved. 


4, Further Inequalities. In this section we shall find it convenient to 
introduce a slight change of notation. Let P:(x) represent the polynomial 
P(x) /(a—21) where 2; = 0 is the smallest root of P(x). We designate the 
roots of 
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P’(z) by £5; ° * 
by 93,943" Mn, 
each set of roots in order of increasing magnitude. 
Consider the quantity 


n n n n 
— n (= xi" — —(n 1) — n”) 
1 2 2 3 


We shall prove in this section that 6“ is positive except in two cases 


(a) when all the roots are equal to zero, 
(b) when 2; =0 and m=1. 


If we increase all the roots by an amount h we find, after replacing 2; 
by v1 +h, & by & +h, etc., the new value of 6°”, 


This formula shows that 6°” is increased by a positive displacement of all the 
roots. Hence we may confine our attention to the case where 2, the smallest 
root of P(x), is zero. 

THEOREM 3. If P(x) is of the form x*Q(x) where k is positive but not 
necessarily an integer, and Q(x) is a polynomial of degree = 1 whose roots 
are real and positive; if é 1s a positive root of P’(x)= DzP (x), but not a root 
of P(x), then € is an increasing function of k. 

We have 

P’ (x)= (x) + (2). 


The positive roots of P’(x) are roots of the polynomial 
tQ’(x)+ kQ (x), 

that is 

(1) éQ’(é) + £Q(é) = 0. 


Regarding é as a function of the parameter /, we have, on differentiating 


with regard to k 


0"%(E)} + Q(E)=0 


and on eliminating & from the last two equations 


[Q(€)Q’(€) + € {Q(€) (E)— O7 (E)} + = 0 


| 
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or 


= dé/dk = Q*/[€(Q” — QQ]. 


From (1) we see that Q, Q’ are different from zero and of opposite signs. 
And since Q” — QQ” is non-negative, by Theorem 1, it follows that & is posi- 
tive and the theorem is proved. 

N. B. If k=0, that is P(x)=Q(zx), then it may happen that P’ has 
no positive root which is not a (multiple) root of P. This will be the case if, 
and only if, P has but one positive root and this a multiple root. 

It is worth while also to remark that if é is a positive root of P’(z) and 
also a (multiple) root of P(z) then dé/dk=0 since multiplication by a 
factor 2* will not affeet the positions of multiple roots of P(x). 

We utilize this theorem in order to show that if & is an integer = 0, and if 


P(2)= z*'Q(z), 
P,(z)= 2*Q(z), 


? 


where P(x) is a polynomial of degree n = 3, and Q(x) is the polynomial of 
Theorem 3, then 


where +, are the roots of P’(x) and 73,° - m those of P’(x), the 
roots being arranged in ascending order of magnitude. This result follows 
immediately from Theorem 3 if & is positive, since if €; is a positive root of P’ 
but not a root of P, (such a root always exists if & > 0), it is greater than the 
corresponding root yi: of P,’. But if & =0 then P’ has exactly one positive 
root € lying between 0 and the smallest root of Q(#), i. e. Pi(x); each of the 
other roots é; of P’, (i = 3), is equal to or exceeds the corresponding root ni 
of P’ according as é; is a (multiple) root of P or not, by Theorem 3 and the 
remark following it. 
In any case therefore the inequality 


is valid. Introducing the abbreviations 


n n 
1 2 


n n 
2 3 
we may now state the result: 


Pm < Qin; 


which will be used to prove 


{ 
869 
= | 
n n 
| = > nil” 
n 
> 
i=2 i=3 
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THEOREM C. If Q(x) is a polynomial of degree = 1 whose roots are real 
and positive, and if P(x) 1s a polynomial of degree n = 3 of the form: 


and 
P, (x)= 2*Q(z), 


where k is an integer = 0; then 


where = 2,- >, 2), (t= 3,---,n), -, 
n) are the roots of P’, P,’, P, Pi, respectively, and m is an integer = 2. 
n 
We first observe that } xi” is the coefficient of 2-“"*” in the expansion 


of the rational function P’(x)/P(zx), analytic at oo, in powers of 1/z. For 


if we write 


n @) 
> 1/(«@—2i) =P’ (x) /P(x) = 
1 i=0 
then it follows that 
—(1/2ni) [P’ (2) /P (x) = ang 
i=1 


on integrating termwise about a contour C, in the complex plane, which 
encloses all the roots of P(x). Consequently the quantity 


Pn = —> 
is the coefficient of z-“"*? in the expansion in powers of 1/2 of the function 
P’(x)/P(«)— (a) (a) = [(P? — PP”) /P?]/(P'/P). 
But since 
P'/P => 
then, also, on differentiating 


(P? — PP”) /P? («—2)~. 
1 


Thus we have to calculate the coefficient of 2-“"*” in the expansion of 


1 1 


| 

| 

| 

| 

| 

| 


ZEROS OF A POLYNOMIAL AND OF ITS DERIVATIVE. 871 


Now this coefficient is the same as the coefficient of y” in the expansion in 


powers of y of the function: 
1 1 


obtained by substituting x = 1/y in the preceding and dividing by y. Hence 


(1 — (1 — * = po + ray pag? 
or 


co oO 
(n+ (r+ 1)sy")/(n+ sry") = pry’, 
r=1 r=1 r=0 


n 

where s- = > 2;". On clearing of fractions and equating coefficients we obtain 
i=1 

the recurrence formulae 


Po=1 
+ = 28; 
+ + PoS2 = 382 


m 


Npm + Dd Sipm-i = (M +1) 8m. 
1 


or 


m-1 
> SiPm-i = MSm. 
i=1 
The same analysis provides corresponding recurrence formulae for the quanti- 


n n 
ties gn = — We have immediately, since 7, = 0, 
i=2 i=3 


m-1 


(n 1) qm = SiQm-i MSm- 
i=1 


On subtracting the last two equations we have: 


m-1 
NPm —(n 1) qm Si (Gm-i — pm-i); (m = 2). 


But we have already proved that qi— pi > 0 (t—1,2,3,-- +). Hence 
—(n — 1) qm >0 


except in the case m = 1, where we have np: =(n —1)qi = 51. 


j 
nm n 
| 
= 
Np2 + 81pi = 282 
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Uniting the result of this theorem with the fact, established at the begin- 
ning of this section, that 6“ is increased by a rigid displacement of all the 


roots in the positive direction, we obtain 


THeorEM D. If P(x) is a polynomial of degree n= 3 whose roots are 
real and non-negative, and P;(x) is the polynomial P(x)/(a— 21), where 
is the smallest root of P(x), if we denote the respective roots of P, P:, P’, Py’, 
by * *, Su), * * En), then the in- 
equality 


n n n n 
— n( > > 1) ( > 7”) => 0 
Z 2 2 3 


is valid; moreover 0 = 0 if, and only if, either 


(a) =0 and m=—1, 
or 
(b) all the roots are equal to zero. 


Finally we remark that if 7,0, so that P(x)—<aP,(x), then, the 


hypotheses of Theorem C are satisfied and we have, if m = 2, 


n 


n n n 

( ) n n—1 n n—1 n—2 


provided not all the roots are equal to zero. 

This formula evidently provides an immediate proof of Theorem A, by 
recurrence, for all values of n = 3; for it shows that if Theorem (A) is true 
for the polynomial P;(x) of degree n —1, then it is true for the polynomial 
P(x) of degree n having its smallest root equal to zero; whence the theorem 
follows, a fortiori, when all the roots are positive. When n= 2, Theorem 
(A) may easily be proved by elementary algebra, and when this is done the 
proof by recurrence is complete. 
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ON THE NUMERICAL CALCULATION OF THE CURRENT IN 
AN ANTENNA. 


By F. H. Murray. 


In a preceding paper * the additional field produced by a system of con- 
ductors in an impressed electromagnetic field (E°e?', H°e?t) has been repre- 
sented in terms of surface integrals, which are equivalent to certain integrals 
of MacDonald ¢ in the applications to be made. In a calculation which was 
made of the resonance wavelength of a long wire it appeared that the integral 
representing H could -be taken as the basis of a numerical calculation of the 
current distribution, giving a fair check with experimental results. The 
usual formulas of alternating current theory correspond, however, to the repre- 
sentation of E, and the problem reduces to the numerical solution of an 
integro-differential equation. In the present paper the analysis of the problem 
of a straight wire in an impressed field has been developed and extended to 
include the theory of the loaded vertical antenna, and the inverted ZL antenna; 
the latter is briefly discussed in the special case in which the height is small 
compared to the length of the antenna. 

The theory is based on the method, well-known in the theory of integral 
equations, of assuming an expansion of the unknown function in a series of 
mutually orthogonal functions Jn(s) which satisfy the boundary conditions 
at the open ends of the antenna. If the boundary conditions at the surface of 
the wire are written down, a set of linear equations can be constructed for the 
unknown Fourier coefficients of the current. It is shown that in the case of 
the loaded vertical antenna the functions J, can be so chosen that the principal 
diagonal terms in these equations dominate the others; if the antenna wire 
is of small diameter, a good approximation is obtained with a small number 
of equations. The assumption often made in practice { that a single current 
component J, gives an adequate approximation can therefore be partially 
justified analytically. It is shown that when this is possible, the impedance of 
the loaded antenna may be defined; from this impedance the fundamental 


period of the antenna and the radiation resistance can be calculated.§ 


* American Journal of Mathematics, Vol. 53, April, 1931, pp. 275-288. 

+ MacDonald, Electric Waves (1903), p. 16. The retarded potentials of Lorentz 
lead to the same representation after a suitable transformation. 

¢See Stuart Ballantine, “On the Radiation Resistance of a Simple Vertical 
Antenna at Wavelengths Below the Fundamental,” Proceedings of the Institute of 
Radio Engineers, Vol. 12 (1924), p. 823. 

§ R. Bechmann, “ Zur Theorie der Strahlungskopplung von Kurtzwellen 
873 


Anten- 


_ 
= 


874 F. H. MURRAY. 


An extension of the analysis to other types of antenna, constructed 
of straight wires in the same plane, is made possible by the formulas of 
Appendix IV; the analysis, however, is not developed here. 

1. The fundamental equations are taken in the form 


Ey {[n, E] curl v’ + E, div v + «[n, H] v’} dS 
S 

Ey {[n, E] curl v” + E, div v” + «[n, H] dS 
S. 


dr {[n, E] curl + E, div + «[n, H] d8. 


It is assumed that the conductivity of the exterior region is zero, while the 
dielectric constant and the permeability are both unity; hence, h =A —=—kx 
=tw/c. In these formulas 

v= (¢, 0, 0), (0, 0), (0, 0, ¢) 
and the field components appearing in the integrand are those of the total 


field exterior to the conductors. 

If the conductor is a segment of a cylinder, while (r, 6, z) form a right- 
handed coordinate system on the surface, and (lo, 6, 20) are the codrdinates in 
space, the axis of the cylinder being the z-axis, then 

n = (cos 6, sin 6, 0), 
E, = E,, cos 6 — Ej sin 6, E, = E, cos 6 + E, sin 0, 
E, = E, sin 6 + E, cos 6, E, =— E, sin 6 + E, cos 0. 
Substituting, 
[n, E] curl = — E, cos 006/02 — E,dp/dy 
[n, E] curl = — E; sin 606/02 + E,d/dx 
[n, E] curl = E,0¢/dr. 
Inserting in the fundamental formulas, if the contributions of the ends can 


be neglected, 
dor Ei, = Sf {— Ez cos (06 — 0.) 06/02 
(1.1) A. Ey/lod/00) — E-0¢/dly + «Hz sin (6 — 
ff {— E, sin (6 — 6) 8/02 

° — Ej — — cos (8 — 6.) 4} dS 
f. {E.04/dr + E,04/02 + dS. 


nansystemen,” Annalen der Physik, 5. Folge, 1930, Band 4, Heft 7, p. 829, developed a 
related method for a different problem. 
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In cylindrical coérdinates, 
e"’/p, p= [ (z —%)? +17 +r — Cos (0 6o) | 


If E and H are interchanged, while « is replaced by A, the representation of H 
results. In particular, the average value H of Hg, on a circle of radius /, and 


the average value of E, become 
(lo, 20) = (—A(r2)r 
20 
(1. 2) —AK(z)r f. cos (6 — 9) dz 
0 
dar (Io, 20) {B(2)r f dB, 
27 
+ + J, de 


the integrals with respect to % being independent of @. From a statement 
above it is known that the average components E., Hy which appear under the 
integral signs may be replaced by the corresponding averages of the total 
field components E. H, Let 


2 
0 0 


The boundary conditions become 
E.+ Eo = E’., H, + H,° = 


For ordinary solid copper or iron conductors of small radius at both low and 
high frequencies the relation E’, — CH’, holds very approximately. (Riemann- 
Weber, II, 2d. Edition, pp. 516-518); at high frequencies 
C = (1/c) [iop/4ao (e. m. u.) 
hence, if 
F(z) = E.°(z) — CH,°(2) 


the first equation may be written 
b 
(1.8) H(Io, 20) + {K (2 — 2%, 7) ACM (2 — 20, 
ea b 
xX H(r,z)dz=a2 f M (z— 2, ly) F(z) dz. 
a 


This equation may be transformed into an integral equation of Fredholm 
type, but for purposes of calculation it is more convenient in this form. 
From the field equation in cylindrical codrdinates 


| 
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d(E,° + Er) = (1/r)0(H:° + H:) /06 — 0(Hy? + Hy) /0 
one obtains by integration 
+ E-) = — 0(Ho° + Hy) 


In the second equation (1.2) let the components of the total field be sub- 
stituted under the integral sign; with the aid of the definitions 


this equation becomes 
(1.4) (2) L(2 — to, Io) de 
(d/Adzo) (di (2) /dz) G(2— lo) dz 
H’ (z) G(2— 20, Io) dz. 


An integro-differential equation for H’ is obtained from the boundary con- 


dition along the wire, 


lim 20) = — £°(r, 2) + C H’ (2). 


lyor 
From the fundamental equations, the total current through a section 
of the cylinder perpendicular to the z-axis satisfies the equation 2arH’ = 4x; 
for a perfect conductor C —0 and the first term on the right of (1.4) 
vanishes, while at high radio frequencies it is still very small. Neglecting 


this term, let 


b 
— (1a) f (dI/dz)G(z—%)dz (—x—=dA=h) 


b 
W (2) 
(1.4) becomes 
(1.41) —— dP — (40) (I, =r). 


2. If the conductors of an antenna system are not all straight, but are 
constructed from wire of small radius, it will be assumed that with a negligible 
error the cross-section of each is circular. Assume also that if Hy is the 
angular tangential component of the total magnetic field H, only the average 
value of H, about a circumference need he considered. (s, 6) may be taken 
as the coordinates of any point of any conductor, except junctions of several 
conductors which will be neglected, and approximately dS = rdsd@ on each 


conductor. 
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With these approximations, and neglecting the tangential components of 
the total electric field as before, the reflected field exterior to the conductors 
is represented in the form 


=— grad P—hW, 


P = (1/47) E’.grds 


=(1/4n) {a0 rds p= + + (a — 


P is the retarded scalar potential, and W the retarded vector potential, if the 
time-factor exp(pt) is omitted. Neglecting [n, H’]s, 


r fl H’|d6 = = = 42r(idx/ds + jdy/ds + kdz/ds) J. 
0 


Hence if the variation of H’, over the circumference may be ignored, 


20 
w—f Ids f, 
0 


From the field equations in cylindrical codrdinates, (see equations just 
after (1.3)) the average field components on the surface of the conductor 
satisfy the equation 

h(E, + E,°) =— d(H, + H,)/ds = — dH’,/ds =— (2/r)dJ/ds 

E’, = — (2/hr) dJ 


In the integral for P let E’, be replaced by its average over a circumference ; 
then if 


(1/2n)* — G(s 5) 


at a point (so) the averages of P, W become 


f G(s, 89) (dJ /ds) ds, 
(2.1) 
W(%) = f G(s, 8)1(s) ds, G(s, I(s) cos (8, 8) ds. 


The average values being understood, the tangential component of F at the 
surface of any conductor is represented by 


(2. 2) E,, = — dP/ds, —h 


| 
| 
_ 
| 


878 F. H. MURRAY. 


If the antenna system is composed of several unconnected systems, P 
and W will be represented by sums of integrals each taken over one connected 


system. 


3. The vertical antenna. If the earth is assumed to be perfectly con- 
ducting, E, on the antenna is the same as the E, due to the current in the 
antenna and its image in the earth’s surface, the earth being absent, and 


twice the loading impedance connecting the antenna and its image, if the 


loading impedance is at the base.. Let this total impedance be an inductance 
L in electromagnetic units. The variable current J will be assumed to be 
represented by an expansion in mutually orthogonal functions Jn which vanish 
at the open ends of the antenna, and satisfy other conditions to be specified 
later; on the central inductance it is assumed that each J» is constant. On 
the antenna, 

co 

J = > Andn(2), 
n=1 


Jn == __ g-an(dt2) = 7 = 


(3.1) 
ein(d-z) __ g-an(d-z) d—c=l. 


The coefficients a, are to be determined from the boundary conditions 
along the antenna and the central inductance; on the surface of the coil 


E, + E,° =Z';J(s) 


and along the antenna 
E,+ E,o=2Z;J(z), Zi = (1/er) 


if cZ’;, cZ; are the internal self-impedances of the coil and of the antenna, 
respectively, E,°, E.° are the average values of the impressed field. 
On the antenna it is assumed that 


2° == > Cnd (2). 


The constants % will be determined later in such a way that the condition of 
orthogonality on the antenna 


+ 


is satisfied, Nm == — 41(1— sin 2Bml/2Bnl). 
To compute the coefficients an, let each side of the boundary equation 


(3. 2) — dP/ds —hW, =— + 


| 
I 
| 
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be multiplied by Jm and the products integrated over the coil and the antenna. 
Integrating the left-hand side over the coil, 


Im(dP/dsy) ds) = In(c)[P(s:) — P(s2)] 


82 82 2 
(3. 3) f J mW 5 (80) =Im(c) J (c) f dso ds G(s, 89) Cos (So, 
= LJ m(c)J(c) 


if the axis of the coil is parallel to the antenna. Integrating over the 
antenna 


(—aP /aty) dey = [P(0) —P(—0)] 


+ f) P(t) (@Im/d20) deo 


since J» vanishes at —d and d. The integral of the left-hand member 
becomes 


—hLJ + (f+ {P (2) — hW Tm (20) } 


(3. 4) 
= — AF? Jm(c) (¢)Im(C) Nn(— em + Zidm). 


82 83 
an — E,ds, = f Dds 
81 81 


writing } Amnén for the integral on the left of (3.4), this becomes 


Assuming 


(3. 5) > {Amn hLI m (c)In (c) (c)In (c) N i} an 
n=1 
= — n(c) — Niném 


= (m = 1, 2, 3,- 


lm=n, 


Since h = p/c, this indicates that the ratio CAmn/Jm(¢)Jn(c) has the dimen- 
sions of an impedance. 

Assume the antenna constant c so small that with a negligible error, 
exp (@.c) =1. Let 


ken = h — Gy = ten | ken | , k’n =h + Gy =te’n | | 
Then approximately (see Appendix I), if y = .5772157, 
1 
f G(w) ee dw 
0 
= log (21/r) —y—log | kal | + Ci( | | ) — eniSi( | | ). 


| 
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Let h = ik, and 
A, =1,(21) 


From the analysis of Appendix II it is found that if am + on ~0, 


nn/2 — ann) + { (Lem + Ln) [1 


(3. 6) 


—(I_m [1 + + — I_m) 


Since the constants %, are unrestricted above, the coefficients An, may be 
calculated by a passage to the limit. With the approximation employed 
already 

dIn(1l) /dan = (1 — /Ken = 


Allowing %» to approach a, above, 


hAnn/2 = (kh? — an?) [Tn (1 + 
(3. 7) 
Gn?) [— 21 (Tn + In) + 2 — Dn) + 
— + 21(A_ne?’™ + Ane?) + — A’, 


For ordinary antenna wire the functions log (2//r), log (4l/r) are the 
dominant terms in J,(l) and J,(2l), respectively; taking only these terms, 
and replacing A, by zero, it is seen that the corresponding value of Amn 
becomes 

16K L’ sin 1Bm sin IBn/h, 


if % —iBn, and the constants Bn for every n satisfy the equation 


(3. 8) Bn cot IBn = K, L’ = log (21/r). 
Now Jn(0) = 2isin B,J, hence the dominant terms on the left of (3.5) 


become 


sin JBm sin [Bn [16 KL’ + 4h?L]/h. 
These vanish if 


K = k?L/4L’ 
except if m =n; hence the principal diagonal terms, m =n, dominate the 
others and the equations (3.5) can be solved by the method of successive 


approximations. 


x 
je 
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To determine the fundamental period of the loaded antenna, approxi- 
mately, assume / =, and consider only the logarithmic terms as before; 
neglecting A,, A.,, 

Ay, =—161L’ cot kl sin kl 
and approximately, 
Ay, — AL J,(0)? =tsin? kl [— 16 L’ cot kl + 4kL]. 


This vanishes if 
cot kl = kL /4L’. 


A value of & which satisfies this equation is also one of the set of numbers Bn 
defined by the transcendental equation (3.8). 

If a condenser is in series or in parallel with the inductance, the total 
retarded potential will have an added term due to its charge; the calculation 
is similar to the preceding, if the mutual capacity between the condenser 
plates and any part of the antenna may be neglected. 

It is easily verified that the functions J, determined by equation (3. 8) 
are orthogonal on the antenna. 


4. Theory of the inverted L antenna. The antenna considered here 
consists of two arms of equal length /, parallel and with the distance d between 
the centers of the wires; it is assumed that the length / and the wavelength A 
of the fields to be considered are large compared with d, and that the current 
is sensibly constant on the conductor or conductors joining the two branches. 
The inverted Z antenna over a perfectly conducting earth is equivalent to such 
a pair of arms, if the earth is assumed absent and the image of the actual 
antenna is assumed to be present instead. 

Let s be the distance increasing from the lower to the upper open end 
of the antenna, while J has the direction of increasing s at every point, 
J(—s) =ZJ(s). Employing (2.2) and integrating by parts as before, one 
obtains the equations (3.5) for the Fourier constants ap, if 


hAws j f G(s, So) cos (So, s) 
— (dJm/dsy) (dJn/ds) } 


the integration being extended over the antenna alone. The same value of 
N~» is obtained as before. The interaction between the vertical and horizontal 
parts of the antenna will be neglected, and LZ is assumed to be the loading 
inductance plus the self-inductance of the vertical connecting arm. 


11 


| 
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Let h =a, dt; =1-+ [d?+ /?]%, and on the upper arm 
Let 
I, = log (2l/r), 
I, = Ci(dk) — Ci(dk/t:) — [Si(dk) — 8i(dk/t1) | 
(4. 2) 
I_, = log (21/r) —y — log (2kl) + Ci(2kl) — iSi(2kl) 
=— Ci(kd) + Ci(kdt:) [Si(dkt:) — Si(dk)]. 
Under the above assumptions, 
Ay, = (4h°/h?) {(1 
If d<<1, kd << 1, then dt; = 2l, d/t; = d?/2l, and 
Ci(kd) =y+logkd, Ci(dk/ti) =y + log (d*?/2I) 
--£., ==I, — 1, = log (d/r) = L’. 
Hence 
R(Ay/1) =— cot kl sin? kl 
= 41’ cot kl J,?(0), J:(0) = sin kl 
and the imaginary part of the coefficient of a, in (4.1) is small if 
(4. 3) cot kl = kL /4L’. 
The equation 
Bn cot Bnl = k?L/4L’ 


again defines an orthogonal set of functions Jn(s) on the antenna. 
If the interaction of the vertical and horizontal parts of the antenna is to 
be taken into account, it is necessary to employ the formulas of Appendix IV. 


5. Calculation of radiation resistance. Employing electromagnetic units, 
(Lem = cEes), and writing 


= wl + cZ’, 
Zinn = cAmn + mCZi)/Im(0)In(0) 
equations (3.5) become 
co 


(5.1) (Zmn + Zo) AnIn(0) = + Ninem/Jm(0). 


n=1 


In many cases a rough approximation to the antenna current can be found by 
considering only the first equation and neglecting d2,a3,:- +. If the antenna 
is transmitting, em is zero, and 
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= AE®/(Z1, + Zo)Ji(0), J(0) = 


If Z is defined by the equation 

=ZJ(0), 
then 

Z= Zy + 


The orthogonal functions J, were determined in such a way that the 
imaginary part of Z) + Zi; is very nearly zero if & is suitably chosen; if the 
imaginary part is zero, and the remaining Fourier components of the 
current are negligible, the antenna behaves as a resistance, of amount 
Zo +Z1:. The constant R(cZ;) represents the high-frequency resistance per 
unit length along the antenna; the radiation resistance is cR(— A1:)/J1(0)?. 
For instance, suppose the unloaded vertical antenna excited by a field in 
which k = 7/21; in this case % = ni/2l, and from (3. 7) 

Aun = — 4[I_, (20) — I, (21) ]. 
Since J, (0) = 21, 
—¢cA,,/J,(0)? I, (21) I_, (21) ] 
= c[y + log (27) — Ci(2r) + ]. 
Hence the reactance of the unloaded antenna vanishes only for a wavelength 
slightly different from 4/; it can be shown that if 
Ly = 2 log (41/r) —1— [y + log 2a — C1(2z) ], 


and the ratio 41/r is large, the fundamental wavelength is very approximately 


given by 


1 — = — 1 + 
As the difference is small, the radiation resistance at resonance is very nearly * 


c[y + log 2% — Ci(2z) ]. 


The outward energy flow due to the reflected field is easily expressed in 
terms of the coefficients a, and Amn. If } is a sphere of large radius enclosing 
the antenna, assumed isolated in space, the energy crossing > per unit time 
is equal to 


— (c/n) f f + as 
>» 


ff (E- [n, H] + E- [n,H]) ds. 
z= 


* Ballantine, 1. ¢., p. 828 (15). 
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The integral is independent of the shape or position of the surface; evaluating 
it on the antenna, and assuming [n,H]/4r =I/2zr, as in the preceding 


paragraphs, 
S =— (c/2) (B,J + B,J) ds. 


Let #, have the expansion in orthogonal functions 


co 
i, = DiI m(S). 
n=1 
Then 


(5. 2) S=— (c/2) (Omdm + Dindm) Nine 


m=1 
From (4.1), 
Ninbm = > an{— hLIm(90)In(0) Amn}. 


n 


Hence if Jm(0)Jn(0) is real, 


§ =— (¢/2) > Jn(0)In(0) + 


00 
(c/2) [ Amn&m4n A 


m,n=1 


The first sum on the right drops out; if all the current components except 


the first are neglected, 
S’ =—c | ay | + Aj,)/2. 
The current at s=0 is given by J —a,J,(0), hence 


S’ = — cJ*R(A,;) /J1(0)? = 
if 
(5. 3) R, = cR(— /J1(0)? 
the value found previously. 


6. Explicit formulas for a perfectly conducting earth. A set of func- 
tions Jn(s) which are orthogonal on the antenna with its image are also 
orthogonal on the upper part alone, while when this half alone is con- 
sidered, N’m = Nm/2. Also, if the integration is extended only over the 
upper half in the calculation of Amn, just half the former value is obtained, 
as a result of the equation Jn(—s) =Jn(s), s=0 denoting as always the 
grounding point. If Z’, denotes the loading inductance in the upper half, 

“o = (1/2)Z> in equation (5.1), and Z’mn = (1/2)Zmn. Hence instead 
of (5.1) one obtains 


| 

7 | 
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(6.1) (Z’nn + dvIn(0) = AE® + N'ném/Im (0). 


The radiation resistance, when this can be defined by means of J,(s), comes 
out half its former value; the definition of the numbers ep, Bn is the same 
as before. The constants em in the equation above are now the Fourier 
constants of the impressed field on the upper half. 

%. The reciprocal theorem. Let two antennas be present, while the 
presence of the earth is neglected. Let H’s be the electric intensity on antenna 
1 which would exist if this antenna were absent; E’ is the field impressed 
by acurrent J” in antenna 2; similarly, E” is the field impressed along 
antenna 2 by a current J’ in antenna 1. The fields E’, E” can be represented 
in the form 

E’ = — grad P” —hW”, 
E” — — grad P’ — hW’. 
Here 
P”,, =— (1/h) f (dJ” 81, 82) dso, 
(2) 
f J” G (81, 82) COS Sz) 


(2) 
It follows that 


f E’,J’(s,) ds, = — Sf J’(s,) (d/ds,) [(— dJ”/hdsz) G (81, 82) |ds,ds. 
(1) (2) 
SJ J’ (81) I” (82) C08 (815 82) 815 82) 
(1) (2) 
— (1/h) ff G (81, 82) {k2I’J” cos (815 82) 
(1) (2) 
— (dJ’/ds,) (dJ”/ds2) }ds,dse. 
Hence 
E’,J’(s,) ds; = f (82) 
(1) (2) 

Let J’ be the mth orthogonal function on 1, J” the nth orthogonal func- 
tion on 2; the integrals above represent Fourier expansion constants on their 
respective antennas, if the AH impressed between the terminals of the loading 
inductances may be neglected. By definition 


(1) (2) 


| 
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and it may be assumed that on the antenna, 


(1) 


The integral identity becomes, 

if ¢’nm is mth Fourier constant of the field due to the nth orthogonal function 
of the set defined for antenna 2. The first subscript indicates the origin in 


each case. The functions on each antenna may be normalized by the condition 
N’m = =1; in this case the simpler equation = results. 


AppENpdIx I. 


The integrals J,(1) may be calculated as follows. Let 8 be a number 
large compared to r, but such that « 8 is very small, h—a—=k=—ca|\k}. 


4 Ger dw = 1’ +1". 


i G(w) [1 + aw + a?w?/2!+- G(w)dw 


= (1/2) G(w)dw —Iy(hr) Ky(hr)* — dw/w 
——log (hr/2) —y + Ci(d | ) +4 [x/2—Si(d| h|)] 
= — log (r/2) — log | h | —wi/2—y + [y + log8|h | ] 
+ Si(d|h| )] 
log (28/r) + 8|h| 
Neglecting powers of 8| k |, 
Ci(8|k|) =y + log | &| + logs. 
Iq(t) = log(21/r) —y —log | kl | + Ci(1| & | ) —eiSi( | ). 


AppENDIX II. 


Let Jn(z) on the verticle antenna be defined by, 


(1) In(2) =2isinB,(d+2z), (iBn = 
(2) = 2isin Bn(d—z), cS2zSd- (l=d—c). 
=— d, b=—c. 


* Integrating first from — © to + %, 4rk,(hd) results from No. 917 of the tables 
of G. A. Campbell, Bell System Technical Journal, October, 1928, p. 687, if d is the 
distance from a point outside the cylinder to a line on the surface. The integration 
with respect to @ is easily performed using the addition theorem, Watson, Theory of 
Bessel Functions, p. 361 (8). 


I 
| 
I 

i 

| 

| 


CALCULATION OF THE CURRENT IN AN ANTENNA. 887 


If h = 7k, and the lower and upper parts of the antenna are denoted by (1), 
(2) respectively, 


deaf dzG (z Zo) m(%0)In (z) (dIm/dzo) (dJm/dz) 
4,j=1 
(i) (j) 


Each term of this sum can be expressed linearly in terms of the integrals 
f f d2G (z — erm@orane (1, a; 2). 


(r) (8) 


Integrating by parts, assuming %m + % ~0, 
b b-20 
dzo f, dzG (z Zo) ermzotanz Zo] f G(w) e*’dw 
a a a a-2o 
= [1/(am + on) ] [Tn (1) + Lm (1) ] — [Im (1) + In (1) 
if 
In (1) G(w)e%™”’ dw, Tm (1) dw. 
0 0 
Similarly, 
= [1/(a%m + an) ] [Tm (1) + Ln (1) ] — [Tm (1) + In (1) J}- 


Also 


1+2¢ 
2c 


21+2c 

— G(w) e*’dw 
1+2¢c 
21+2¢ 1+2¢ 

e(amtan)d G(w) dw e(amtan)e G (w) dy | 
1+2¢c 2c 

It is seen that if c—0, 
—m,-n — [mn — ol(amt+an) [mn —m,-n—— [nm — [mn 


The formulas (3.6) are obtained on substitution of the integrals above in 
the expression for Amn, = 0. 


AppENpDIx III. 


Let the superscripts 1, 2 denote the upper and lower arms, respectively ; 
the integral in (4.1) is the sum of four terms 


Ane Az, + Az, Az, 


the first position above and below denoting z. On the lower half s —=—z, 
0=zSl1. Hence 


q 
| 
H 
| 
| 
| ! 
| 
i 
| 
| 
| 
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1 
Az, —(1/h) G (20, 2) (20) In(%)—( I m/d2o) (dIn/dz) } daodz 


A? —(—1/h) f #) (to) tite) de) dade | 


G—e%/p, + a]%. 
The reduction of the double integrals to single integrals takes place as 


before; if J" has the same meaning as in Appendix II, 


and 


if Km" is obtained from /™” by replacing G@ by G. If I, is obtained from I, 
by the same substitution, 


mn — [1/(a%m + on) ] (Tm + Tn)—(Im + In) }- 
The integral 
0 
is easily evaluated by substituting 


dt=[d?+w7]*+w, [d?+ w?]*=(d/2)(¢+1/t) 
w= (d/2)(t—1/t). 


k = (h— 2) /2, = (h+ 4) /2. 


te @) te 
n=0 


ty 


Integrating by parts 
t 
+ y?/n(n— 1) (n— +--+ (— 
+ (—y)"/n! 


The above expansion may be used if h + 4 is small; if h —« is small, the 
integral can be written 


1/ty 
In = f dy 


| 

Let 

Then | 
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and expanded in the same manner. The second and fourth formulas of (2. 4) 
result from the substitution h = + @. 


APPENDIX IV. 


If an antenna is constructed of straight wires in the same plane, the 
constant Amn may be calculated as a sum of integrals over the same seg- 
ment, already discussed, and integrals of the form 


c = cos (2,y). 

In a first approximation only integrals occur for which h—a or h+ 4a, 
and h— 8B or h +8 are small compared to h. If h—a is small, the trans- 
formation o =— 4a, 7’ c’ =—c reduces the integral to the form 
in which h + @’ is small, and this will be assumed. 

Let ¢ be defined by 


y(1+c¢)/t=p— cy) 


Then 
p= (y/2)[(1—e)t + (1+ ¢)/t], 
= (y/2[(1—c)t— (1+ = p/t. 
Substituting 
k= (h—a)(1—c)/2, k’=(h+)(1+¢)/2. 
if 


te yte 
J(y) enkyt-k’y/t dt /t == f t (24, y). 
ty 


One obtains 
/dy = J’ + J”, 


te 
J’ = (1/yt) (dyt/dy) + 2k’/t] | 
ty 


yte 
J” = 2kk’y /u. 


yty 


neglecting terms in k”. Integrating by parts, 


I= + ac) — [1/(B + a0)] (I + J” 


| 

| | 
| 
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Let 


f(y) ey (B+ac)-kyt-k’y/t 
R(«)= f (y) (dyt/dy)dy/yt, S(x)— (dyt/ay) dy/t, 
T(a)— f(y)ay/t 


V (y) = [y/(B + ac)—1/(B + 
Then if B+ ac 0, 


Y2 yte 
Vi yty 


— [2kk/(B + ac) ] {8 (%2)— 8 (a1)— [RB(a2)— R(a1)]/(B + ac) }+ 


and to terms in k’”? 


I= [J (y) /(B + ac)]% — [1/(8 + ac)] 
X (a1) + 2h + 1%}. 


The integrals R, S, T can be evaluated by the same method. From the 


definition of ¢, 
(dyt/dy) /t =1— 2/p. 


Let the variable u be defined by 


p= (2/2)[(1—c)u + (1+¢)/u] 
a(1 + ¢)/u=p—(y—cr). y—cx= (4/2)[(1—e)u— (1+ ¢)/u] 

dy = p/Uu. 
Let 


y=(1+¢)/(1—c), m= (h—B)(1—c)/2, m’ = (h+8)(1+0)/2. 
It results that 


y= a(1—c)(u—1)(u+y)/2u, 1/t—(u—1)/(u+y). 
y(B + ac) —kyt — k’y/t = x(a + Bc) — meu — m’z/u. 


Substituting, 
R(x) = 1/u + 2/(u+ y) 


S (x) —c)(1 + y/u*)/2 


1 


Ua 


[1+ (y — (y +:1)?/y(u + y) 


For small m’ the series expansion of Appendix III can be employed. 


— | 


ON THE GROUPS GENERATED BY TWO OPERATORS OF ORDERS 
TWO AND THREE WHOSE PRODUCT IS OF ORDER EIGHT. 


By H. R. Brawana. 


1. Hypotheses and definition of H. A group G whose generators, S and 
T, satisfy the relations: - 
(1) = T? =(ST)* = 1, 


has a commutator subgroup K generated by o, =TS?TS and o: = TSTS? 
which, since (ST’)* = S* =1, contains 8S. If K contains T 
also then {8,7} is perfect and hence is isomorphic with some simple group 
of composite order. The knowledge that a group is perfect reduces very 
greatly the number of additional facts that must be ascertained before the 
group can be identified because the number of simple groups of low order is 
small. We shall be interested here in the cases where G is not perfect. 

When G is not perfect, K is of index 2 and contains all operators which 
are squares in G. (S7')* written in terms of the o’s and 8 is o2‘*o,02° 8. 
Then (ST7')*S? is conjugate to o,. Hence * we have the 


THeorEM. If S and T satisfy conditions (1) and if in addition the 
order of TS*TS is of the form 6k +1, then the commutator subgroup of 
{S, T} contains a perfect group. 


The conjugates of JT, which we shall use to denote (ST7’)* generate an 
invariant subgroup H' which is in K. The quotient group G/H* is of order 
2, 6, or 24, its generators satisfying conditions which determine the octahedral 
group. We shall consider cases where G/H? is of order 24. Since this group 
is octahedral the operator 7.S?7'8 must have an order which is a multiple of 3. 
If this order were exactly 3 it is easy to prove that the order of {S, 7} is 24 
and that the order of (ST) is 4 instead of 8. The lowest order of o,, if (ST) 


is actually to be of order 8, is 6. We propose to consider this case. We are 


then dealing with groups generated by two operators satisfying (1), isomor- 
phic with the octahedral group, in which 7'S?7’S is of order 6. 

Under the conditions above the group {S,(S7)*} is generated by two 
operators of orders 3 and 2 whose product is of order 6. Then {S, 7,1} con- 


*“ Certain Perfect Groups, etc.” American Journal of Mathematics, Vol. 50 
(1928), p. 347. 
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tains an invariant Abelian subgroup * of one-sixth its order, its commutator 
subgroup, which is generated by one or two operators. This Abelian group is 
generated by (7:72) and (TiT;) where T, and T? = 

The group {71, 72, 73} is generalized dihedral and may or may not be 
invariant under G, depending on whether or not 7 transforms 7’; into some 
operator of {7,, T2, T3}. If {T1, T2, T3} is invariant then the quotient group 
corresponding to it is of order 24. If it is not invariant then it is one of a 
set of conjugate subgroups which are transformed according to a group 
generated by operators satisfying the same conditions as generators of G. 

In case {7,, T2, T3} is invariant we have the abelian invariant subgroup 
{T,T2, T:T;} which we denote by H. Then none of the operators S, 7’, and 
T, is permutable with every operator of the Abelian group and hence {S, T} 
corresponds to a subgroup of order 48 in the group of isomorphisms of H. 
This subgroup is generated by operators S; and 7; which satisfy (1) and for 
which (Si7;)* is an invariant operator. H cannot be cyclic since its group 
of isomorphisms contains G4s. This last fact requires that {S, 7} be among 
those groups described by Miller (loc. cit.) which have non-cyclic commutator 
subgroups. A further condition on H is imposed by the fact that its group 
of isomorphisms contains Gs. The Abelian groups of order p? and type 1,1 
are of particular interest because there is much known of their groups of 
isomorphisms that is applicable here. 


2. H of order p*. Let us suppose that H is of order p? and type 1,1. 
There is a 1—1 correspondence between the operators of the group of 
a 
y 
from zero, mod p. Let us arrange the operators of J in cosets with respect 


isomorphisms of H and matrices ( ) whose determinants are different 


to the central C which consists of operators of the form ¢ ’) and let us 


arrange the operators of the central C so that the first two are E 4) and 


—1 0 
0—1 
matrices whose determinants are squares form a group whose order is half 
the order of J. We may then require that the first half of the cosets contain 
only operators whose determinants are squares. We may arrange. the matrices 
in each coset of this first half so that the first is of determinant unity for if 
it were another square, b?, the set would contain a matrix whose determinant 


. The determinants of matrices in C are all squares. The 


b’a;* for some a; would be unity. Then the second matrix is also of deter- 


* Miller, “On the Groups Generated, ete.,” Quarterly Journal, Vol. 33 (1901), 
p. 76. 
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minant unity. There are no matrices of determinant unity except those of 
the first two rows of the first half of the cosets. The remaining operators 
of J may be obtained by multiplying the matrices whose determinants are 


squares by ( ’ ) where @ is an arbitrary not-square. The group made up 


of the matrices of the first two rows of the first half of the cosets is SLH (2, p) ; 
its quotient group with respect to the two operators in C is LF'(2, p). 

Now @ transforms H according to a group of order 48 which has an 
invariant operator of order 2. Hence Gs will be isomorphic with a subgroup 
of order 24 of the quotient group of J with respect to C. Since both J/C and 
the G2, contain a subgroup of half its order then the Giz of Ges is in the 
invariant subgroup composed of operators which correspond to squares in I/C. 
Gi4g determines therefore a G2 in LF (2, p). The can determine a G24 in 
LF (2, p) only if pis of the form 82 + 1. 

We require not only that G determine a G24 in I/C but also that @ be 
generated by S and T of orders 3 and 2 respectively. Then the determinant 


of the matrix (: : ) corresponding to 7’ must be 1 or —1. If this deter- 


minant were 1,7’ could not be of order 2; JT might correspond to an operator 
of order 2 of LF(2,p) but would itself be of order 4.* If G24 is in LF (2, p) 
p is of the form 8h + 1; then since the determinant of T is —1, —1 must be 
a square, mod p, which requires that p be of the form 44+ 1. Hence, 

If G is isomorphic with a Gos of LF (2, p) then p is of the form 8h +1. 

If on the other hand the G2, of Z/C is not in LF(2, p) then —1 must 
be a not-square, mod p, and p must be of the form 44—1. Therefore, 

There exists no group G of the type in question containing an invariant 
subgroup H of order p’ and type 1,1 where p is of the form 8h —3. 


Let us consider next an operator S of order 3 which we denote by ih . ) 


whose determinant is A. Then A*=1, mod p, and we have the following 
conditions * on @, B, y, and 8: 
ae + + =1, 
apy -+ + & =1, 
B(a? + ad + 8 + By) =0, 
y(a? + a8 + 8% By) =0. 
The last two require that (# + 3)2 — A= 0, unless both B and y are zero. 


* Klein-Fricke, Theorie der elliptischen Modulfunktionen, p. 393. 
* The congruences that follow are all mod p. 
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We have seen that the determinant of 7 must be —1; then since (ST) 
must be of order 8 and such that (S7’)? corresponds to an operator of order 2 
in LF (2, p) its determinant (—A)? must be 1. Since we have both A? ~1 
and A* = 1, it follows that A—1. So whenever not both 8 and y are zero 
we have a+ S5=+1. If we select the positive sign the above conditions on 
a, B, y, and 8 become: 

+ aBy + + 8) =1, 

— By =1, a+é=1. 
The first reduces as follows, in view of the other two: 

+ aby + By=1, +(a4+1)(a3—1) =1, 

+ + —a—1=1, a? + —a—1=1, a—a—l1=1, 
which is impossible when Hence we may assume that a+ 5==—1 
when not both B and y are zero. Since all the subgroups of order 3 of I/C 
are conjugate and since for every p there exist operators of order 3 for which 
not both B and y are zero, it will not be necessary to consider that alternative. 
We may therefore assume that our G,s contains the particular S; = c a ') 
We next seek a 7; such that {9;, Ti} is a Gas in I. 


Let T; be a : ) where a, B, y, and 8 satisfy the relations 
7 
a+8=0, 


which we determined above. We now consider (Si7';) and arrive at further 
conditions on «, B, y, and 6 


(SiTi) (, 
The determinant of (SiT;) is —1. 


If this is to be an operator of order 4 and to correspond to an operator of 
order 2 in LF(2, p) we must have a’ + 8==0. This condition, in terms of 
a, B, y, and 4 is 

y? — + + B?— 285 + 


which may be written as 


y? + B? + 8 — 288 + 278 — 2By —2(ad8 — By)=0, 


which is 


(8—y—8)?=2(ab— py) =—2. 


TO 
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This last relation states among other things that — 2 is a square; this implies 
that 2 and —1 are simultaneously squares or not-squares. Now —1 is a 
square if and only if p is of the form 44 +1, and 2 is a square if and only 
if p is of the form 8k +1. Hence, the last condition can be satisfied if p is 
of the form 8h + 1 or 8A + 3. 

Conversely, when p is of the form 8h+1 or 8h + 3, then —2 is a 


—1+(—2)*% 
square, and J contains the operator 7; = () ~~ ( ) ) of order 2. 


0 1 
iT:)* 
I also contains S; i) . (SiTi) is and (SiT:) 


_ = a which is of order two and invariant. Therefore S;, and T; 


satisfy the relations = Hence, {Si, Ti} is a sub- 
group of order 48 of the group of isomorphisms of H. We thus have the 


THEOREM. A necessary and sufficient condition that an Abelian group 
of order p? and type 1,1 have in its group of isomorphisms a group of order 
48 isomorphic with the octahedral group and generated by an operator of 
order two and one of order three is that p be of the form 8h +1 or 8h +3. 


The existence of the G4, establishes the existence of a group of order 48p”. 
We have now to determine whether this group of order 48p? can be generated 
by two operators of orders two and three, respectively. 

Let us consider G to be written in cosets with respect to H. Then these 
cosets will correspond to operators of Gss, and we shall designate the coset 
which corresponds to S; or T; by Hs, or Hr,. The operators of Hy, are all 
of even order since 7; is of order 2, and 7; is an operator of the quotient 
group. If we take any such operator, the cyclic group generated by it is 
contained half in H and half in H7,. Since p is an odd prime, the operator 
of order two 1s in Hyz,. Denote one such operator of order two by T. 

Likewise, if p43, then Hs, contains ah operator of order three. For 
any operator of Hy, has an order a multiple of 3 and generates a cyclic group 
which lies in H, Hg,, and Hs,2; the operators of order 3 could not be in H. 
If p=3 the group of isomorphisms of H is Gsg and it is known that the 
G of order 48 - 3? can be generated by two operators of orders two and three 
respectively.* Let us denote one such operator by 8. Then ST must be of 
order 8 because it appears in Hy,r, and every operator in Hg,r, has its fourth 
power in Hyg,r,)*. All the operators in H,s,7,)* are of order two because one 
of them must be of order two and the group generated by this operator and H 


* Bisshopp, Bulletin of The American Mathematical Society, Vol. 37 (1931), p. 94. 


4 | 
) | 
| 
| 


896 H. R. BRAHANA. 


is generalized dihedral. Thus we have shown so far that for p of the form 
8h +1 or 8h + 3 there exists a group {8,7} contained in G and that S and 
T satisfy (1). We have yet to show that there exists an {9,7'} satisfying 
the same conditions and containing H. 

If {8,7} contains one operator of H it contains H because the invariant 
subgroup of index 48 is non-cyclic. So we shall assume that {S,7} is a 
proper subgroup of G. It must then be Gys. Then 7; —(ST)* will be 
invariant in {8,7}. Now since 7M.7T = M,." the operator M27 which is 
in G will be of order 2. Let us denote this operator by 7’ and consider the 
group {S,7’}. If we use the relations 


TM,T = and 
TM.T= M," S*M.S = M,M,", 


where k =— 1 +(— 2)*%, to simplify the relation 


(ST’)* = SM.TSM.TSM.TSM.T 
we arrive finally at 


On substituting the value of & we get 


Then if we let 7’. —9-17",S, we have 7’,T’, = %, Since this last 
operator is not the identity, the group {S,7’} must be G. Therefore, 


For every prime of the form 8h + 1 or 8h + 3 there exists a group {S, T} 
which contains the Abelian group of order p* and type 1,1 invariantly and 
transforms its operator according to the group of order 48 whose generators 
as well as and T satisfy (1) =T? = (ST)* = 1. 


3. H of order p". Now let us suppose that H is of order p" where n > 2. 
H will have two generators since its group of isomorphisms J contains G4. 
Then H must contain a characteristic subgroup Hy, of order p® and type 1,1. 
This subgroup H, will be transformed according to a group isomorphic with 
Gs; moreover the invariant operator of (4s is the operator which transforms 
every operator of H into its inverse and therefore transforms every operator 
of H, into its inverse. Hence H, must be transformed according to a group 
of order 48, 24, or 6, which is non-cyclic and contains an invariant operator 
of order two. Since, moreover, this group is generated by operators of orders 
2 and 3 whose product is of order 8, it must be Gis. Therefore, the group 


| 
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of isomorphisms J, of H, must contain G4s. This fact combined with the 
theorem of § 2 gives the 


THEOREM. If H is of order p", then p must be of the form 8h +1 or 
8h + 3. 


The Gs of J, is isomorphic with some G24 in the group LF (2, p) which 
is determined by H;. Since these G2,’s are all conjugate we may fix attention 
on one of them. If the invariants of H are not equal then H will contain 
a characteristic subgroup of order p, which will be in H;. The subgroups 
of order p of H, may be designated by matrices (1 a) determined by gen- 
erators M,M.“ where M, and M2 are generators of H,. Then taking the Si 
and T; of § 2 we seek conditions on p that there exist a subgroup of order p 
in H, which is invariant under G4s.* 

The subgroup (1 a) is transformed by S; into (« —(1+a)). If this 
subgroup were invariant under 8; we should have the congruence 


(1) a? + 1==0, mod p. 

The operator 7'; transforms the subgroup (1 «) into (1 —1+(—2)*—a). 
This is (1 a) only if a==—1 +(— 2)% or 

(2) %==(— 1 + (— 2)%)2, mod p. 


Substituting the value of « from (2) in (1) we get 144 =0, mod », which is 
impossible. 

It follows therefore that G4; leaves no subgroup of order p of H invariant 
and that H can have no characteristic subgroup of order p. Hence, 


If H is of order p", p must be of the form 8h +1 or 8h + 3, n must be 
an even number 2m, and H must be of type m,m. 


We inquire whether the above necessary conditions on H are sufficient to 
insure the existence of a group G@ of order 48p*", and of the type in question. 

If H is abelian of order p?” and type m, m its group of isomorphisms J 
is of order p*”-(p —1)(p?—1).+ J transforms the characteristic subgroup 
H, of order p? and type 1,1 according to its group of isomorphisms J, of 
order p(p—1)(p?—1), for there.is a 1— 1 correspondence between opera- 
ap 


5 of non-zero determinants whose elements are 


tors of J, and matrices ( 


*The subgroup generated by M,, whose matrix would be (0a) is not considered 
in this connection because S; transforms it into another subgroup. 

+ Ranum, “Groups of Classes of Congruent Matrices, etc.,” Transactions of the 
American Mathematical Society, Vol. 8 (1907), p. 87. 
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integers reduced modulo p, and every such matrix determines an operator 
of I, viz. 


M, M,°M.§, M, M,7M. 


where M, and M2 are generators of H. I is therefore isomorphic with J, and. 
the corresponding invariant subgroup of H is of order p*”-*. It consists of 


all matrices 1 i P where a, b, c, and d are residues mod p™ which 


are congruent to zero, mod p. 

When p is of the form 84 + 1 or 8h + 3, J, contains a G4g and J con- 
tains a group isomorphic with it. We shall show that J contains a group 
simply isomorphic with it. 

—1+(—2)%*\ * 

I contains the operators S; )and T; TC 1 ) ) 
where the elements of the matrices are residues mod p”, for — 2 is a square 
mod p™ whenever it is a square modp.t These operators are of orders 3 


and 2 respectively and —(— ). The group {Si, Ti} must 


then be G4s, and we have accordingly established the existence of a group G 
of order 48p?”" which contains H invariantly and transforms it according 
to Gs. We have yet to show that G may be generated by operators S and T 
which satisfy conditions (1) of § 1. 

Let the operators of G be arranged in cosets with respect to H, and let 
Hg, denote the coset. which corresponds to the operator Q; of the Gas in J. 
The operators of H(s,r,)* are all of even order and one of them must be of 
order 2 since H contains no operator of even order. Then it follows that all 
the operators of H,s,7,)* are of order 2. From this it follows that all the 
operators of H,s,r,) are of order 8, and all the operators of H,s,7,)* are of 
order 4. The operators of Hy, are all of even order and therefore one of them 
is of order 2. Let this operator of order 2 in Hy, be denoted by 7. If p¥3, 
then Hs; contains an operator of order 3. The argument of § 2 in which 
the M, and M, are now taken to be the operators of order p” which generate 
H proves that G of order 48p?" is generated by S and T of orders 3 and 2 
whose product is of order 8. 

If p=3, then it is conceivable that every operator of Hs, has for a 
third power some operator not the identity of H. Such an operator must of 
course be invariant under S;. Every operator of H may be written as M,*M,8, 
and this is transformed by S; into M,M,*¢. If M,°M,.° is invariant under 


* We shall hereafter denote the corresponding operators of J by S;, and 7’. 
7 Tchebichef, loc. cit., p. 93. 
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Si we must have B= and B==— 2a, mod p”. From this it follows that 
3a= 0, mod 3”, and @ is a multiple of 3”. Hence the only operators of H 
invariant under S; are of order 3 and the operators of Hs, must be of orders 
3 or 9. Moreover, since (M,°M,8S)* = S*, where S is any operator of Hsg,, 
it follows that every operator of Hy, is of order 3 or every operator is of 
order 9. We shall show that they cannot be of order 9. 

The group G@ of order 48p*" contains an invariant subgroup of order 
24p?", which in turn contains an invariant subgroup of order 8p"; these 
subgroups consist of operators in the cosets corresponding to the group 
{Si,(SiT;)*} and the group generated by the conjugates of (Si7i)?, respec- 
tively. The former group is generated by an operator S of Hg, and the 
second group. By a theorem proved in On the groups which contain etc.* the 
third power of S must be in the central of the group corresponding to 
{Si,(SiTi)?}. We have already seen that S* must be (SiTi)? = 
) which transforms into 4), 

1 
Therefore, S must be of order 3. 

Incidentally we have proved the 


THEOREM. The central of G of order 48p?" is the identity. 


We are now assured of the existence in G of S and T which satisfy the 
relations S* = T? = (ST)*=1. We have still to show that S and 7 may 
be chosen so that {S,7} is G. This will follow provided we can 
show that {S,7} contains one operator of highest order of H. We 
suppose that 7,’T.’ =(S’T)*- 8’*(S’T)*S = R, where S’ is in Hg, and R 
is some operator not of highest order in H. Then if we take S = M.S’ and 
find we get Since 
— 2 is prime to p and R is not of highest order, 7,7. is of highest order. 
Hence, G is generated by S and T. We have thus arrived at the 


THEOREM. If p is any prime of the form 8h +1 or 8h+3 and m is 
any positive integer, there exists a group of order 48p°" which contains 
invariantly the abelian group of order p?" and type m,m and transforms tts 
operators according to the G4s isomorphic with the octahedral group, and G@ is 
generated by operators of orders 2 and 3 whose product is of order 8. 


Conversely, 


Any group {S, T'} generated by two operators which satisfy the relations 


* American Journal of Mathematics, Vol. 52 (1930), p. 915. 
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8’ = T? = (ST)*=1, which is also isomorphic with the octahedral group, 
whose commutator TS*TS 1s of order 6, and which contains an abelian in- 
variant subgroup of index 48 of two imvariants, and of order a power of a 
prime, is such that H 1s of order p*™ and type m,m and p is of the form 
8h + 1 or 8h + 3. 


4. H of any order. Now let us suppose the order of H is pi" po"? 
where the p’s are distinct primes. The group of isomorphisms of H is the 
direct product of the groups of isomorphisms of its Sylow subgroups of orders 
po™,* Since J contains which is not a direct product some 
Sylow subgroup of order pi"* must have Gy; in its group of isomorphisms. 
Hence some p; is of the form 8h +1 or 84+ 3 and n; is an even number. 
Every Sylow subgroup of order pi"* is transformed according to a group IT; 
isomorphic with G4s and, unless all the operators of the Sylow subgroup are of 
order 2, Tj; contains an invariant operator of order 2. This operator, which 
transforms every operator of H into its inverse, is the fourth power of an 
operator in Tf; and hence IT; contains operators of order 8. Therefore Tj is 
Gs itself. From this it follows that every one of the p’s which is different 
from 2 is of the form 8h + 1 or 8h + 3, and the n’s are all even numbers. If 
pi were 2 the operator (S7’)* which transforms every operator of H into its 
inverse might transform every operator of the Sylow subgroup of order p,” 
into itself, in which case the Sylow subgroup would be of type 1,1, 1,- - - and 
hence would be of order 4. If the Sylow subgroup is not of type 1,1 then 
I’, is Gas. Moreover, the operators of order 4 would be transformed according 
to Gss. This requires that both invariants be at least as great as 2, and that 
the Sylow subgroup contain a characteristic subgroup of order 16 and type 
2,2 whose group of isomorphisms contains G4s. This is impossible.* 

Let us consider the possibility of H being the four-group. Then 7,7, 
is of order 2. The group {M,, M2, 7T;} is abelian of order 8 and type 1, 1, 1 
and is invariant. It is transformed according to a group of order 24 in its 
group of isomorphisms, or a group of lower order isomorphic with it. The 
group will then be in the holomorph of Gs, and can be written on 8 letters. 
The operators of Gs, are transformed according to an intransitive group on 
seven letters, since {M,, M2} is invariant. The four operators of Gs not in 
{M,, M2} must then be transformed according to G4. These four operators 
must contain the fourth powers of all the operators of order 8 in {8,7}, and 


* The group of isomorphisms of the group of order 16 can be written on 12 letters 
for the operators of order 4. The fourth power of an operator of order 8 would be of 
degree 8, but the operator which transforms everything into its inverse must be of 
degree 12. 
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therefore one of them must be invariant under (ST). However, if Gos is 
written on four letters the operator (S7') is of degree four. Therefore such 
a group is impossible. 

The only other possibility, if p: is 2, is that H is of order 2. Then 
T,T.2=T:1T;=T.T; and T,, T2, and 7’; are the same. In this case, how- 
ever, H is identity. Hence we have the 


THEOREM: A necessary and sufficient condition that there exist a group G 
generated by S and T satisfying the conditions. 


(1) S* T? =(ST)* = 1, 
(2) (TS?TS)* = 1, 
(3) the commutator subgroup H of {S8,(ST)*} is invariant under G, 


is that the order of H be po": where the n’s are even numbers 
and the p’s are of the form 8h +-1 or 8h + 3. 


5. H non-invariant. We have seen that the group {S, 71} contains an 
abelian subgroup H. The groups which we have studied are those for which 
H is invariant under G. Let us suppose now that H is not invariant under G, 
and denote its conjugates by Hi(—H), H.---, Hn. If H contains a sub- 
group which is invariant under G this subgroup must satisfy the conditions 
determined for H in the preceding pages. Moreover, the quotient group of 
G with respect to this invariant subgroup contains n subgroups H’; correspond- 
ing to the H’s, which are not invariant and contain no invariant subgroup. 
Hence the quotient group can be represented on symbols for the n subgroups 
H;. Therefore the group G of lowest order for which H is not invariant can 
be represented on symbols for the H’s. Then the group H generated by the 
H’s cannot be abelian, for it would leave each of the H’s invariant. Then 
since (S7’) does not leave H, fixed, and since 7, does leave H, fixed but 
permutes the H’s according to an operator of order 2, it follows that n must 
be at least 10. It is easy to prove by similar considerations that n must be at 
least 12. Hence 

If H is not invariant under G, then H is not abelian, and H, is one of at 
least 12 conjugates. 


Since practically nothing is known concerning non-abelian groups whose 
groups of isomorphisms contain subgroups isomorphic with G2, the considera- 
tion of H non-invariant promises to be a large undertaking and to involve con- 
siderations that have not entered in the preceding pages. 


Ursana, ILLINOIS, 
Marcu, 1931. 
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ON A NEW NORMAL FORM OF THE GENERAL CUBIC SURFACE. 


By Emcu. 


1. Introduction. Mapping processes are not uncommonly used to give 
information on, or to facilitate the investigation of certain geometric problems. 
I refer for example to Segre’s cubic variety in S, and its relation to the 
Kummer quartic surface, or to the Veronese surface based upon the system of 
conics in a plane with applications to Steiner’s Roman surface, the theory 
of plane quartics, etc. 

Such problems arise for example also in the mapping of projective 
spaces S, upon rational hypersurfaces in S;,,. Associating the variables (x) 
and (y) to these spaces respectively, the mapping may be accomplished by 


(1) 


By eliminating the 2’s it is found that S; is mapped upon the hypersurface S,’: 


of order r? in Srii(y). It is easily recognized that the mapping of S, upon 
8,’ is birational, moreover that spaces with an even or odd number of dimen- 
sions are respectively mapped upon hypersurfaces of even and odd order. 
Restricting the problem to an Euclidean space by putting yr.2.—0, that 
spaces have maps of finite or infinite extent according as they are of even or 
odd dimensions. This fact is related to the unilateralness or bilateralness of 
projective or respectively. 

As a more detailed study of the transformation (1) will appear elsewhere, 
I shall restrict myself to some interesting applications. 

One that is already well known is the mapping of a plane S. upon a 
Steiner surface S,.’: 


(3) Yo? Ys" + — = 0, 
or conversely. To the plane sections Saiy; —0, (t= 1, 2, 3, 4) of corre- 
sponds in S2 an o* system of conics 


(4) Ay + + + + + 237) =0. 
902 
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To the «7? sections by tangent-planes corresponds in Sz a net of couples of 
lines among which are four double lines corresponding to the tropes of S2’. 
The degenerate order conics of this net are apolar to the oo! class-conics 
inscribed in the quadrilateral of these double lines. The latter are more- 
over the invariant lines in the quadratic line transformations pu,’ = wots, 
= = UiU2 in S2. These few indications suffice to show the 
importance of this mapping process. 

In this paper I shall consider the mapping of S83; upon the nonic hyper- 
surface S,’: 


(5) + + — ys" Ys = 0, 
and its connection with the theory of cubic surfaces. 


2. The cubic surface as the map of a hyperplane in Sy. It is obviously 
not difficult to establish corresponding figures in S; and S83’ by means of the 


transformation (1) when r= 83, i.e., 


Thus, to a line 1: 8a; =a; + Abi, (1 = 1, 2, 3, 4) in Ss corresponds in 
the space-cubic 
ry; = Ky + Kid? + KA + (¢—=1,---,5), 
which lies on a certain hyperplane & ciy; = 0, and which is uniquely deter- 
mined by the line 7. A plane in S; may be represented parametrically by 


or explicitly by 
(7) + + — C1 = 0. 


To it corresponds in parametric representation 


== ¢,°A,° + C3°A3° + (Ax + rz 


or also the intersection of the hypercone 
(9) + + C1 C2Y 1 Y2Y — = 0 


with the hypernonic (5). This is a surface of order three since (9) and (5) 
intersect in a surface of order 27. But (5) has the six planes (xj = 0, 7% = 0), 
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ik, i, k =1, 2, 3, 4, as fourfold planes and (9) has these as single planes 
in S,, so that the residual surface of intersection is indeed of order 
27—4:°6=—3. 

Conversely, to the intersection of the hyperplane 


(10) + C2Yo2 + C3Y3 + + = 0 
with (5) corresponds in S; the cubic surface F; 
(11) + Cot 4 C4X X23 + + 23° + 


depending evidently upon four effective constants. 

Now the 19 effective constants of a general cubic surface may be reduced 
to 4 effective constants by collineation in 83, which thus indicates, as far as 
counting of constants is concerned, that the general cubic surface may be 
written in the form (11). That this is true will be proved subsequently. 


3. The configuration Ais connected with the normal form (11). The 
reduction to this normal form depends upon the properties of a configuration 
of 18 points Ais which is common to all cubics of the «* system (11). 
That this configuration is of a very special type appears from the fact that 
ordinarily 18 generic points determine a pencil of cubics, while here there 
are 5 linearly independent cubics on the Ais. The intersections of this system 
with the codrdinate planes are syzygetic pencils. For example on x,—0 we 
get 
(12) + + + = 0, 
with its fixed flexes on the three sides A:A3, A3A,, AiA2, and the three real 
flexes on 2, + 22+ 230. The same situation exists on the three remain- 
ing coordinate planes. The flexes on A,A,2 for example are obtained by putting 
v3 = 0, vy = 0, so that + 2.5 = 0 determines on A,A. the flexes 


(1, —1, 0, 0); aR 0, 0); w?, 0, 0); 


In a similar manner are found three flexes on each of the remaining 5 edges 
A;Ax. We thus obtain a configuration A,s of 18 such flexes through which 
all cubics of the system (11) pass. This configuration is invariant under the 
Abelian collineation group 


= 2, = wt, = = wes, 


a, B, y==0,1, 2. But as together the 4 syzygetic pencils are invariant under 
the symmetric group Gz, on 21, 22, £3, Xs, the entire configuration is in- 
variant under a collineation group G7.04 = Gers of order 648. 

To establish the properties of Ais, consider the plane 2, + 2.+ 2, 


0, 
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+ which contains the four lines cut out by =0, 2; = 0, 
0. These intersect in 6 points (i, —1, 0, 0), .. . which are flexes 
of the configuration of 18 points. Each of these lines, for example 
+ +23 + 44 0, + = 0 determines a pencil of planes 


For A we get the unit plane. For A+ 1—w we have, 
+ wr, + + wr, 0, 


in which lie the six points (0, 1, —1, 0); (0,0,1,—1); (0,1, 0, —1); 
(1, —w*, 0,0); (1, 0, —w?, 0); (1, 0, 0, —w*), which belong to the Ais 
and which are the six vertices of a quadrilateral of Maclaurin lines (3 
collinear flexes). For 1-+-A—w? we obtain the plane 2, + wz. + wa, 
+ w*x, = 0 in which lies likewise such a quadrilateral. Thus through every 
Maclaurin line not identical with an edge AjA; there are three planes each 
containing a quadrilateral formed by Maclaurin lines from the A;s. There 
are (12 — 3)4 = 36 such lines, hence 3 X 36 such planes. But as each of these 
planes is on 4 Maclaurin lines, there are altogether 3 X 36 : 4—=27 such 
planes. These are obtained from 32;—0 by the substitutions of the Go. 
The result may be stated in the 


THEOREM. The 18 points of the configuration Ays lie by 6 vertices of a 
quadrilateral in 2% planes, not including the codrdinate planes. Through 
each Maclaurin line different from an A;Ax there are 3 planes each containing 
such a quadrilateral. The entire A,s 1s invariant under a collineation group 
of order 648. 


That there is a finite number of A,s configurations on the general 
cubic surface will be proved in the next section. 


4, Reduction of the general cubic surface to the Aig normal form. It 
is necessary to first point out an important property of the configuration Ag, 12 
of the nine flexes of a general cubic and its twelve Maclaurin lines. By 
collineation such a cubic may always be reduced to the Hessian normal form 


(13) + + — = 0. 


The Agi. is independent of the parameter A, from which follows that these 
configurations for all general cubics are projectively equivalent. This can 
also be proved directly as follows: 

The real flex-tangents of (13) at (1, —1,0); (1,0,—1); (0,1,—1) 
are 


es 
er | 
) 0, 
d 
e 
t 
| 


ARNOLD EMCH. 


pry’ AD Ve -+- 0, 
(14) pte’ = 2, + = 0, 
prs V2 AL3 — 0. 


If these are chosen as the sides of a new codrdinate triangle, (13) assumes the 


form 
2)* 
(15) + 22’ + (x, + x2’ + 23’) = 0. 
(14) may be interpreted as a perspective with (1, 1, 1) as a center and 
2,+a2-+2;—=0 as the pointwise invariant axis. Now choose arbitrarily 
three lines 
pt, + + + pt, = 0, 
(16) = (21 + + Hs) + = 0, 
pts’ = As (a, + +23) + pre = 0, 


as flex-tangents of a new cubic at the points (1, —1); (1, 0, —1); 
(0, 1, —1) respectively, which will be of the form 
(17) (@1 + + — By[Ai (21 + + + par] 

(16) may again be interpreted as a perspective with z, a7; = 0 as an 
axis and (Aj, Ao, As) as a center. From (16) 

+ = (41 + + as) (Ar + A2 + As + 4), 

so that by (16) (17) is transformed into 
(18) (ay + v2’ + — By (Ar + Az + As + 


or into one of the cubics of the pencil (15). The three real flexes of (15) 
are identical with those of (13). Moreover two of the vertices of all flex- 
triangles of (15): (1, w, w?) and (1, w?, w) coincide with those of (13). 
Hence the 


THEOREM. All cubics of the pencil 
+ + — 227; = 0 


have perspective flex-configuration Ag... Moreover two cubics with real flexes 
at (0,1,—1); (1,0,—1); (1,—1, 0) have perspective flex-configurations 
with 2, + + = 0 as the axis of perspective. 

This proposition can evidently be extended to the case where the axis of 
perspective is any of the 12 Maclaurin lines. 
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Now assume two plane cubics C;“’ and (C3; in S83; with the two 
real flex-triangles A, and A, respectively, situated in two planes p; and po 


which intersect in a line 1. Let A, and A, have / as a common side and on it 
three common flex-points W,, W.2, Ws; (one real, two imaginary), so that the 


flex-tangents of C3; and C;‘?’ at these points determine the entire flex- 
configurations A»,,2 for both curves. According to the foregoing theorem 
these are perspective with / as the axis of perspective. Choosing A, as 
A,A2Az, and A, as A,A2A, of a codrdinate tetrahedron, then F; has the form 


— 804212203 — 324 + + + + A140 


For z; this must reduce to 2,° + + — = 0, which is 
only true when a); = 0, d22 = 0, d33 = 0, dag = 1/38, Aig = 0, dog = 0, Aga = 0. 
Thus F; has the form 


The existence of two plane cubics C;“ and C;°*, as described above, on a 
cubic surface thus necessarily leads to the form (19). 

We next determine the manifold of cubic surfaces F; which may be 
constructed in this fashion. There are «' planes p, on a line] in S;. The 
line 7 may be chosen as one side of a real flex-triangle A,;. The two other 
sides of A, and the line of the 3 real flexes may be chosen in 0° ways. In 
another plane p2 on J we can choose a perspective flex-configuration in «* 
ways. The planes p; and pe or | can be chosen in ©? ways, hence the two 
perspective flex-configuration (A,)(A:) in = ways. On each of 
these there are Aj, cubic surfaces (19), hence on such surfaces. 
As I may be chosen inoo* ways, the manifold of Ai, cubics is therefore «1°, 
i. e., identical with that of cubics F; in S;. This may be verified as follows: 
There are = pentahedrons (tetrahedron + unit point), hence 
== 0019 cubics F3. 


The unit-plane cuts Ff; in a cubic on which lies a hexagon formed- by 
the vertices of a quadrilateral cut out by the codrdinate planes. On each 
side of this quadrilateral lie three flexes such that the flex-tangents lie in 
the corresponding codrdinate plane. The existence of this figure again insures 
the form (19) of the cubic surface. A generic plane p cuts the cubic surface 
in a plane cubic C,; in which may be inscribed oo1 quadrilateral hexagons 
(Aix), where Aix is the intersection of two sides of a quadrilateral 1,, J2, 1s, 1s. 
Consider the asymptotic tangents tis, tis; tio™, tio; tis to the 


= 
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surface at the points Ai,, Aiz, Ais on the line 1;. Through J; and ti;“ pass 
a plane h, then the condition that ¢;2“ shall lie on h absorbs one constant. 
As ti: and ti2™ are two flex-tangents of the plane cubic cut out by h, one 
of the third pair, say ¢i;, will necessarily become a flex-tangent of this cubic, 
Thus the condition that tii, ti2™, tis shall lie in a plane requires one 
constant. The same argument may be repeated for each of the three remaining 
lines of the quadrilateral. Thus a quadrilateral (like in the unit-plane of 
the A,s cubic surface) requires four conditions and as there are «* such plane 
inscribed quadrilaterals on a cubic surface, there can exist only a finite number 
of A,s configurations on a general cubic surface. The result may be stated in 
the 

THEOREM: The manifold of cubic surfaces on all Ais configurations of 
S; is identical with the manfold of general cubic surfaces in S;. From this 
follows that every general cubic surface may be represented by an equation in 
which the terms «472% are missing. 
In this representation the cubic monoids are included as will be seen in 


the next section. 


5. The 27 lines on the cubic surface. The tetrahedron on Aj, cuts F's 
in four plane cubics C,, C2, C3, C4, so that each of the 27 lines on F3 is a 
quadrisecant of this system of four cubics. In the theory of ruled surfaces the 
following theorem is known: Let C,, C2, C; be three curves of order mi, mz, ms 
respectively, and let C, and C2 have s3, C. and C3 have s,, and C; have 
points in common, then the trisecants which each cut C1, C2, C; once, generate 
a ruled surface R of order n= 2m,msm3— (sim; + some + sams) with 
C,, Co, Cs as s2)—, (m fold curves 
respectively. If we apply this to the three plane cubics C,, C2, C; on Ais, 
we obtain a ruled surface R of order 2-3-3-3 — (3-3 + 3-3 + 3:3) = 27 with 
each C,, C2, Cs as a 6-fold curve. C,, C2, C3 cut Cy, in 9 points which in 
counting the proper intersections of R with Cs must be subtracted as sixfold 
points. Hence FR cuts C, in 3.27 — 6.9 = 27 points outside of the flexes of C4. 
From this follows that the four curves C,C2C;C, admit of 27 quadrisecants 
which therefore lie on F;. This again proves the generic cubic surface on Ais 
as a general cubic. 

The foregoing procedure may be applied in precisely the same manner to 
the four plane cubics cut out on a general F; by the faces of a generic 
tetrahedron and constitutes thus a novel prove for the existence of 27 lines 


on a cubic. 


6. Cubic Monoids. To a generic point P(a1, dz, a3, ds) in Ss corre- 


| 
| 
| 
| 
| 


A NEW NORMAL FORM OF THE GENERAL CUBIC SURFACE. 909 


sponds on S83’ by (6) a point The tangent hyper- 
plane at this point is easily found as 
(20) Ay + as® + — 201°) ys + + + — 2a2°) ye 
+ a3 (a,* + + — Ys 
+ + + — 204°) ys — = 0. 


To this corresponds inversely in S; the cubic surface 


(21) Ms =a, (a2 + + a8 — 2a,°) + + + — 202°) 


+ + ae? + — — (21° + + + 24°) = 0, 


which has a double point at P(a,, a2, a3, d,) and is therefore a cubic monoid. 
M;, depends upon three effective constants. Every point (a) in S; determines 
such a monoid uniquely and is the double point of M;. We have thus the 


THEOREM: The generic points of S; as double points determine the «* 
cubic monotds on the configuration A,, uniquely. 


If in M; we leave (x) fixed and let (a) vary we have obviously the 


THEOREM: The locus of the double points of all cubtc monoids on Axs 
through a fixed generic point ts a quartic surface. 


To the intersection of a hyperplane Sciy; =0 with S;’ corresponds in 
S; the cubic surface Ff; in a normal form on A;s. Among these are evidently 
the monoids M;. The discriminant D of F’; is a homogeneous polynomial of 
degree 32 in the c’s, which puts a condition on the c’s. From (20) it is 
evident that this discriminant may be expressed parametrically by 


pC, = A, (a2* + az? + — 2a,°) 


(22) = + + — 2a;°) 
pls = + + — 2a,*) 
pcs = — 020304 


as a rational hypersurface of order 32 in a projective hyperspace S4(¢i, C2; 


Cs, Cay 
This may be verified by making use of the pentahedral normal form 


(23) = 0, 0, 1 1, 2, 3, 4, 5. 


with the discriminant * 


* Salmon-Fiedler, Analytische Geometrie des Raumes, Vol. 2 (1874), pp. 367-368, 
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which may be expressed parametrically by 
pl: = + Az + As +1)’, 
plz = (Ar + + As + 1)’, 
pls = (Ar + Az + As + 
pl, = Az + As + 1)?, 
pes = 


These results may be stated in the 


THEOREM: The discriminant of the cubic surface in the Ais —, or also 
the pentahedral normal form, may be represented by a rational hypersurface 


of order 32 in a projective S,. 
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ON PLANE CREMONA TRIADIC CHARACTERISTICS. 


By C. TORRANCE. 


The problem of finding plane Cremona transformations having only 
three groups of basis points, that is, transformations with triadic character- 
istics, has been attacked by Ruffini,) Montesano,? and Farnum.’ In this 
paper twelve infinite sequences of two-parameter triadics are obtained, all of 
which have for one of their groups a single point of highest multiplicity. 
These triadics result directly from the development of a new procedure **® 
whereby all geometric characteristics may be found. The principal feature of 
this procedure is its perfect regularity and simple explicit formulation. 


1. It is a well-known theorem that if P, Q, and R are basis points of 
multiplicities p= 0, ¢q = 0, and r= 0 of a plane Cremona transformation T, 
ot order n and also are the basis points of a quadratic inversion 7’, with which 
Tn is compounded, the resultant transformation 7’, of order n’ has the same 
number of basis points at JT» of the same multiplicities except that it loses 
the points P, Q, and R, and gains three basis points P’, Q’, and R’ of multi- 
plicities p’ =p+e, =qt+e, and ” =r+e, while n’—n-+e, where 
e=n—(p+q+r). It will be convenient to regard the three points gained 
by Zn’ as the transforms of the three points lost by Tn. 


2. We give the symbol P a particular connotation. If a transformation 
is to be successively compounded with 7.’s and one of its basis points is called 
P, it is intended that P and each of its transforms are to be successively used 
as common basis points. If 7, is compounded with a 7; having P, Q;, and 


1“ Sulla risoluzione delle trasformazioni Cremoniane,’ Memorie Istituto Bologna, 
Series 3, Vol. 8 (1877), pp. 457-525. 

2“ I gruppi Cremoniani di numeri,” Atti Accademia Napoli, Series 2, Vol. 15 
(1914), No. 7. 

3 “On triadic Cremona nets of plane curves,” American Journal of Mathematics, 
Vol. 50 (1928), p. 357. 

4 Montesano, “Su le rete omaloidiche di curve,” Rendiconti Accademia Napoli, 
Series 3, Vol. 11 (1905), pp. 259-303. 

5 Montesano, “Su i quadri caratteristici delle corrispondenze birazionali piane,” 
Rendiconti Accademia Napoli, Series 3, Vol. 21 (1915), pp. 30-38, 69-79, 113-119. 

6 Montesano, “Su alcuni problemi fondamentali nella teoria delle corrispondenze 
Cremoniane,” Rendiconti Accademia Napoli, Series 3, Vol. 34 (1928), pp. 42-50, 89-97, 


123-136. 
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R, as common basis points, n’=n-+e, 
p’=p+e, and n’—p’=n—p. If the resultant transformation Tn’ is 
then compounded with a 7, having P’, Q2, and Rz as common basis points, 
e = (n’— p’) — (q2 +12) = (n— p) — (Q2 +72). A sufficient condition 
that e’ =e is that g2 = and rz =1,. Hence, in a succession of compound- 
ings involving a point P and its transforms, (n — p) is invariant, and e is 
invariant if Q and # are each repeatedly taken with invariant multiplicity. 


3. The characteristic (1) is known to be geometric. Let P be the single 
point of its first group. Compound it with a 7, having its other two basis 
points general [i. e., of multiplicity zero in (1) |. The resultant is (2) since 
€= . If this compounding is repeated, (2) is altered in the same way 
as was (1). The resultant of 2z,, of these compoundings is (3). In general, 
compounding with 7’.’s each having one basis point on P and two general 
will be referred to as compounding in the first way. 


(2) ; (1-+-2) 7, 
(3) | 5 1**4a2n, (24% :—1)*. 


(4) (1422,,—1)*, (22,—1—1)1. 


4. Compound (3) with a 7, having one basis point on the last transform 
of P, one on a point of the second group, and one on a point of the third. 
The resultant is (4) since e—-—1. If this compounding is repeated, (4) is 
altered in the same way as was (3). The resultant of 7. of these compound- 
ings is (5). In general, compounding with 7.’s each having one basis point 
on P, a second on a point of the second group, and the third on a point of any 
other group will be referred to as compounding in the second way. 


5. The procedure for obtaining all geometric characteristics may be 
described in general terms as follows: suppose the characteristic 


(6) nm; 1%, (1+ Yeo) *, 


to be geometric, with n = 2, + Zz, where the y’s and z’s are polynomials in 
r=0, 1,---,k, and s—1, 2,:°-,2*". illustration of such a 
characteristic is (5). Take for P a point of multiplicity z2 (involving a 
change of P) and write (6) in the form (7) so that P constitutes the first 
group. 

k+1 
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(8) = [N+ 3 (1 21,1). 
k 
pk+1 ok+1 
4=2 i=2 
=< 


— 
Compound (7) inthe first way times, where e =z, getting (8). 
Compound (8) in the second way 2x.:,; times with the third basis point of 
the compounding 7’, on a point of multiplicity zi, 1 having successively all 
integer values from 2 to 2**1, getting (9), since e—=—zji. As (9) is of 
the same form as (6) the procedure is inductive. The set of compoundings 
used to obtain (9) from (6) will be referred to as one step of the inductive 
procedure, and (6) itself will be referred to as the general characteristic 
resulting from k steps of this procedure. It should be noted that each general 
characteristic includes all preceding ones. 

The only condition on the 2’s is that all the base numbers (i. e., the 
expressions giving the number of points in each group) must be non- 
negative, and if this condition is satisfied all characteristics obtained by this 


procedure are geometric, since (1) is geometric. 


6. THEOREM. Every plane Cremona geometric characteristic can be 
obtained as the result of sufficiently many steps of the above procedure | start- 
ing from (1)]| and proper evaluation of the z’s. 


This theorem will be proved by showing that the inverse of the pro- 
cedure will reduce a given characteristic to a particular case of (1). Let the 
characteristic of a given transformation T be n; yn", where 
h denotes the highest multiplicity in 7. (In the course of this proof will 
also denote the highest multiplicity in any particular transform of 7.) Take 
one of the points of multiplicity h as P, and let the multiplicity of this particu- 
lar point be denoted by p. The reason for the notation is that (n—p) is 
always invariant, but (n—jh) is not. 


7. If there exists in T a point Q (other than P) of multiplicity q, 
n—p>q> (n—p)/2, compound T with a T, having one basis point on 
P, one on Q, and one general. In the notation of paragraph 1, e>0, 
p=Yy=—n—>p, and r’ < (n— p)/2, so that this compounding is in the 

13 
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inverse of the second way. For simplicity we drop the primes in considering 
this and succeeding transforms of 7’. In this way all points Y may be re- 
moved, so that there remain only P of multiplicity p—h, points of multi- 
plicity (n—p), and points of multiplicity not greater than (n— p)/2. 
Before making further compoundings we use 


8. Noether’s Extended Theorem. In any geometric characteristic the 
sum of the first, third, and fifth highest multiplicities is greater than the 
order. It follows that there are at least three points of multiplicity greater 
than (n—h)/2. Hence, if ph and there is no point Q, there are at least 
two points (other than P in the event that p—=n—p) of multiplicity 
(n— p),andp=n—p. 


9. Compound 7 in its present form with a 7, having one basis point on 
P and two on points A and B of multiplicity (n— p). In obvious nota- 
tion e=— (n—p) and a’ —b’=0, so that this compounding is in the 
inverse of the first way. Let this compounding be repeated as many times 
as possible, that is, until p< n— p. 

If now Yn-p is positive, n—p=—h>p—n—h, and the group con- 
sists of but a single point. Since h + p—n, p is the second highest multi- 
plicity, and 7 has been reduced to a transformation T’ of the form (6) with 
P of the proper multiplicity, so that, if the procedure produces 7” it also 
produces 7’. 


10. If, however, yn-p is zero, then p< hZS (n—p)/2, since T now 
contains no point @. Compound 7 in its present form with a 7. having its 
basis points on P, a point H of multiplicity h, and a general point K. Since 
V’=n—p>p 2k =e= (n— p)/2 this compounding is in the inverse 
of the second way. But P is now a point of second highest multiplicity 
and Yn-p = 1. Hence in this case also 7’ has been reduced to a transformation 
T’ of the form (6). 


11. As this last compounding is the inverse of the second way its 
use here is unwarranted. But the difficulty may be overcome without 
affecting T’. Because of the invariance of (n — p) the effect on 7’ of each 
compounding is independent of the others, so that the order of the compound- 
ings may be changed without altering 7’ and a compounding may be omitted 
without impairing the effect on T of any of the others. Let K’ be the point of 
multiplicity k’ involved in the last compounding. If K’ was present in the 
original 7 as a point Q, the continued product of the compounding which 
removed it, the last compounding of paragraph 9; and the compounding of 
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paragraph 10, is the identity. Hence they may all be omitted without affecting 
T’. If K’ was not present as a point @, the compounding introducing it is 
necessary, but may be performed in paragraph 7. 


12. Now take the single point of multiplicity (n— p) as a new P and 
repeat the above process, noting that the new value of-(m—p) is less than 
the old one. By sufficiently many repetitions of this process it is possible 
to reduce the value of (n— p) to one, and when this has been done the 
result must necessarily be a particular case of (1).’ 


13. This proof was conducted in such a way as to show that any char- 
acteristic may be obtained with P a point of highest multiplicity, not only in 
it, but throughout the process of getting it. Hence, in constructing 7’ from 
(1) by the inverse of the above reduction, all 2,,, 70, 1, 2,- - -,& (where 
k is the required number of steps in the inductive procedure) are positive. 
The vanishing of an x; by no means invalidates the procedure; it leads only 
to duplicates. We shall assume in the sequel that all such z’s are positive. 


14. If we now impose the condition that all but three of the base num- 
bers vanish in the general characteristic resulting from k steps of the induc- 
tive procedure, k > 1, it results that all the 2’s can be evaluated by six 
different sets of formulas in terms of 2; and 21; taken as independent param- 
eters and in no other way. If, for successive values of k, these values of the 
2’s are substituted in the general characteristics, triadics 1, 2, 3, 4, 5, and 6 
result. (In these triadics we have written merely 2 for 2; and 2, for 2;.) 
We omit the proofs of these statements because of typographical difficulties. 

Other formulas for evaluating the z’s so that triadics result may be 
obtained by making two or more of the multiplicities equal in the general 
characteristics. For example, the condition 2; = 2 makes every other pair 
of multiplicities equal, so that four, or even five base numbers may be positive 
without involving more than three different multiplicities. However, this 
particular condition leads only to special cases of the triadics given below, 
together with some half-dozen isolated triadics. 


15. Let: ++, Us, Uo, U1, be the two-way sequence of poly- 
nomials satisfying the relations 
(Ae) Uiar + = even, 


(Ao) + Ui1 Ui, odd, 


and the condition that 
Uy = 0, 2, 


7 Hudson, Cremona Transformations, p. 98. 
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It follows immediately that all the w’s are polynomials in the one variable x, 
and that since These polynomials are connected by 
many relations, among which the following are used in the sequel: 


(Be) Wis: —Uize, 4% even, signs dependent. 
(Bo) Wise + — 22 = Uize, odd, signs dependent. 
(C2) j41)Ui-(j4t) Wis (i = 7) odd. 
(C3) Wis all (1+7). 
(C4) = UinjUi-g — (1-7) even. 
(C5) Wis (17) odd. 
(C6) Ui+( j4+2) UWi-( j42)-1 fUi-j-1 — all (4 = )) 


Relations (B) are proven directly by substitution from relations (A). 
Relation (C1) is proven by induction first for the case 7 0. Then relations 
(C2) and (C3) are proven directly for the case 7 0 by substitution from 
relations (A) and (C1). Finally relations (C1), (C2), and (C3) are proven 
for general 7 by showing that if they all hold for all proper 1 when j = s, then 
they all hold for all proper 1 when j=s-+1. Relations (C4), (C5), and 
(C6) are proven directly by substitution from relations (A) and the other 
relations (C’). Details of the proofs are omitted because they offer no difficulty. 

As a digression we may point out an interesting property of these 
u-polynomials. Transform u; into wu’; by the substitution 7,2, -+ 2. The 
roots of the equation wu’; 0, where i is positive and even, are equal to 
2 cos (2mm) /i, n = 1, 2,° +, (t— 2) /2. 


16. The following triadics can be shown to be geometric and their con- 
jugates can be determined by Montesano’s method °: 


lor) 
¥ “stan (T — (T — T + + = u) (ay 
‘PPO (T — tag) (T — e+ = ul (9) 
¥ ‘xat-un(T ++ — (T — 92%) = ul (¢) 
4 Sagan — — “won —(1-uy T ]=— ul (¢) 
“ppo ¥ (1) ‘agin (T — “agin ]= ul (2) 
‘PPS 4 ‘win (T — “win ‘[T+,0 ul 
"PPO 4 ‘agin (I — ‘agin T ul 
(TZ) (T — win -(1-uyT ‘(T+ ] =u) 
4 (T2Z) — T + + |] = uf (T) 
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C. 


17. A necessary and sufficient condition that a characteristic be geometric 
is that there exist a set of 7’,’s with which it may be successively compounded 
so that the resultant is the linear characteristic. If the characteristic is 
geometric its conjugate may be found by compounding the linear character- 
istic (written so as to contain a basis point of multiplicity zero to correspond 
to each basis point of the given characteristic) with the same set of 7'.’s taken 
in the same order. Triadics 1c, 4c, and 6c may be derived in this way as the 
conjugates of triadics 1, 4, and 6, while all the others in the preceding table 
are self-conjugate. 

Unfortunately the algebra involved in the investigations of these triadics 
is long and complicated, so that we shall merely sketch the outline of the 
procedure, using triadic 1 to illustrate it. Let the linear characteristic be 
written under, and in the same form as, triadic 1. Let P be the single point 
of the first group (see paragraph 2). Compound with 7.’s having two basis 
points in the second group so that this group is reduced to a group of simple 
points. (One 7, will have only one basis point in the second group and 
one general.) Reduce the multiplicity of the third group by compounding 
with 7’.’s having two basis points in it. If the multiplicity of the new third 
group is repeatedly reduced in the same way it is found that the formulas for 
all of the multiplicities change according to a certain simple law, so that the 
formulas for the multiplicities resulting from an arbitrary number of such 
reductions can be calculated directly. The number of such reductions needed 
is approximately &. When the triadic has been reduced in this way to the 
simplest possible form it is finally compounded with a set of 7.’s which 
obliterates the group of simple points that has been carried along, and the 
result is the linear characteristic. In the meantime the same sets of 7.’s 
have operated on the original linear characteristic to produce triadic le. 
Algebraic simplifications in this procedure are made with the aid of relations 
(B) and (C). 

18. The conjugates of triadics 1, 4, and 6 may be formally obtained by 
substituting —k for k in these triadics when they are written explicitly in 
terms of the w’s. Triadics 2’, 3’, and 5’ were obtained by this same formal 
operation when applied to triadics 2, 3, and 5 respectively. 

19. In paragraph 14 the case k —1 was not considered. Triadics may 
be obtained from (5), paragraph 3, either by making one of the base numbers 
vanish or by making two of the multiplicities equal. Triadics 7, 8, 9, 10, 
and 11 result respectively from the conditions 2%); 
1+ 2411 %i—1—1, and 14+ Their con- 
jugates are easily derived by Montesano’s method. We write merely 2, for 
for and for 22. 
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A DETERMINATION OF THE DOMAINS OF INTEGRITY OF THE 
COMPLETE RATIONAL MATRIC ALGEBRA OF ORDER 4.* 


By E. J. FINAN. 


1. Introduction. The set of all two-rowed square matrices with rational 
elements constitutes the complete matric algebra of order 4. We shall call a 
domain of integrity (or merely a domain) of this algebra any subset which 
(1) is of order 4, (2) contains the identity matrix, and (3) is closed under 
multiplication, the constants of multiplication being rational integers. Every 
such set has a basis + having the above three properties. 

If #,, #2, #3, and EF, is a basis for such a domain, it is well known that 
E’,, E’2, E’;, and E’, also constitute a basis where 


4 
> bij (i—1, 2, 3, 4), 
g=1 


the ¢;; being rational integers such that | ¢;; |—=-+1, and that every basis 
of the domain is so obtainable. We shall call this change of basis a trans- 
formation (1). 

It is evident that if M is any non-singular two-rowed square matrix with 
rational elements the domain with basis E’., and is isomorphic 


with the domain whose basis is 
EY, = ME,M"* 1, 2, 3,4). 


If two domains are so related we shall call them equivalent. We shall call 
the process of obtaining an equivalent domain a transformation (2). 

Since transformations (1) and (2) are both associative and commuta- 
tive, we may consider any sequence of transformations as a transformation 
(1) followed by a transformation (2). We shall use this result later to show 
that two domains with the same discriminant may be non-equivalent. 

Since the constants of multiplication remain unchanged, the discriminant 
is invariant under transformation (2). Also it is invariant under a trans- 
formation (1).f 


* Presented to the Society, April 19, 1930. 
+ Dickson, Algebras and Their Arithmetics, Chicago (1923). Page 161. 
t MacDuffee, Annals of Mathematics, Vol. 2, No. 2: 2nd series. 
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There is an infinite number of non-equivalent domains, but it is shown 
in this paper that for a given value of the discriminant there is only a finite 
number. In § 2 we obtain two canonical forms for the basis of a domain. By 
applying to these canonical forms arbitrary transformations (1) and (2) all 
sets of matrices are obtained which constitute bases for domains of integrity. 
Finally the number of non-equivalent domains is calculated for small values 
of the discriminant and a canonical form is obtained for each. 

This problem was first attacked by Du Pasquier,* who obtained after a 
more laborious reduction a reduced form which included all domains, unfor- 
tunately with much repetition. His attempt to classify domains by means of 
the greatest common denominator in his canonical form was not successful, 
since this function is not an invariant. 


2. THrorEM 1. Lvery domain of integrity is equivalent under trans- 
formations (1) and (2) to one of the domains. 


Case I 
1 0 0 1 0 0 0 0 
0 1 m la a ka 0 
Case IT 
1 0 0 1 0 0 0 0 
0 1 m 1 la a oe 


in which a, k,l, m are rational integers, 0 S1<k,0 Sm < ka and in Case I 
12 m==0, mod.k while in Case II 1? +1—m=0, mod.k. Conversely, 
every set of matrices of this form, satisfying these conditions, constitutes 
a basis of some domain. 


By a theorem due to Du Pasquier in the article mentioned above, we 
may assume that the basal matrices have integral elements. 

Let this basis be E,, E., Z;, and EH, in which F, is the second order 
identity matrix. H, does not change throughout the reduction. 

Evidently the operation of replacing a single Ej = 2, 3,4) by Ej — vEx 
(k =1, 2,3,4; 7k) is a transformation (1). We shall call this kind of 
transformation (1) a transformation (1-A). 

By a transformation (1-A) with j 2 and k—1 we can put F, into 
the form 


* Vierteljahrsschrift der Naturforshcenden Gesellschaft in Zurich (1909), page 137. 
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1 0 
0 b 
then replaces H, by a matrix of the same form with b=1. Another trans- 


followed by a transformation (1-A) with j—=2, and replaces 
by 


A transformation (2) with 


M= 


formation (2) with 


M = 


0 1 
d— 2n 
By suitable choice of n we can make the lower right element in FL. 0 or 1 
according as d is even or odd. We shall now divide the discussion into two 
cases. 


Case I. dis even. is now in the form 


0 1 
0 


By a transformation (1-A) we can subtract multiples of £, and EF. from 
FE, and E, and give them the form 


0 0 0 0 


There exist relatively prime integers, A and p, such that Ag+ pq=0. Also 
there exist integers, € and y, such that wé—Ay—1. The transformation (1) 
with matrix 


8 
0 0 € 
A 


leaves EH, and EF, unchanged, replaces #; by a matrix of the same form and 
replaces by 

0 0 

r 0 | 


If we now express the products H,H; and E,E, as linear combinations 
of E,, E2, E, and EF, with integral coefficients, we get certain relations between 


- 
|_| 


18- 


es 
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r, f, g and e. After some simplification these amount to r—=kg, f and 
?==e, mod.k. Hence the basal matrices may be written 


Jo af 


m 0 
in which /? =m, mod.k and ka40. The latter condition follows from the 
linear independence of the basal matrices. 


0 0 
la a 


0 0 
ka 0 


We shall now show that it is possible by transformation (1) to make all of 
the elements positive or zero. If ka is negative, apply transformation (1) 
with T equal to the identity matrix with the exception that t44--—1. Ifa 
is negative, use a similar transformation with t;;—=-—1. Also, with ka 
positive, we can make 0 =m < ka and OS/1<k by repeatedly adding F4 
to H, and EF; respectively. None of these transformations changes the condi- 
tions on the elements of the H’s which are given above, for the 1 in F is not 
changed, and none of the zeros is lost in any of the E’s. Hence we have 
arrived at the canonical form given in the theorem. 


Case II. dis odd. The procedure is similar to Case I. We shall not 
include it here. The conditions on the elements of the H’s are given in the 
statement of the theorem. 


To show that any four matrices satisfying the conditions given in the 
theorem constitute a basis for some domain, it is sufficient to construct the 
multiplication table of the matrices. This shows that the constants of multi- 
plication are integers. The other conditions for a domain are evidently 
satisfied. 


3. Conditions for equivalence of two domains. In our investigation we 
shall need the discriminant matrix of the domain. This is given by the 
formula * 

> CrijCsji 


in which the c’s are the 64 constants of multiplication. Using the basis given 
in Theorem 1, the discriminant matrix for Case (1) is 

4 0 2a =O 

0 4m 2la 2ka 

2a las 

0 2ka 0 0 


As mentioned in §1 | D|~-—16k?a* is an invariant under transfor- 


* MacDuffee, loc. cit. 
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mations (1) and (2). From Theorem 1 it is evident that there is only a 
finite number of non-equivalent domains for a given value of | D|. Hence 
using a constant ka”, which is evidently the simplest function of the invariant, 
we can make a determination of the non-equivalent domains with a given 
discriminant. (| D| is called the discriminant of the domain.) Although 
we have no formula which gives the number of non-equivalent domains for a 
given value of ka*, we shall give 6 auxiliary theorems which are useful in 
determining this number. The rest of this paper will be devoted to the deter- 
mination of the number of non-equivalent domains for values of ka? from 1 
to 31 inclusive. In many cases the calculations are long; hence we are 
including only one typical calculation. The results are given in tabulated 
form at the end of the paper. 

If two domains are equivalent * under transformations (1) and (2), it 
is necessary that there exist a matrix 7 of determinant + 1 such that 


TDT—D 


where D and D” are the discriminant matrices of the two domains and 7 —T I 
transpose. Also, since each domain contains the principal unit, it is still 
quite general if we demand that the first row of T be all zeros except the first 
element, which is unity. 

The last equation evidently gives certain relations between the elements of 
T, D, and D’. There are 3 sets of such relations that we shall need ; one when 
D and D’ both come from domains of type (1); one when both D and D’ 
come from domains of type (II); and one when D is of type (1) and D’ is 
of type (II). However, we shall include only those equations which must 
hold when both domains are of type (I). There are 9 independent ones and 
we shall refer to them as A-1, A-2, etc. The theorems which follow from the 
other sets of equations will be stated without proof. In the following equa- 
tions the unprimed letters are elements of the basal matrices whose discrimi- 
nant matrix is D; the primed letters belong to the basal matrices whose 
discriminant matrix is D’. These A-conditions which must hold when two 


domains of type (1) are equivalent are 


A-1 + ates =0, 
A-2 + atsg 0, 

A-3  2ts, + =a’, 

A-4 + mb og + latestes + hatootes = m’, 


* MacDuffee, loc. cit. 
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A-5 — #751 + mt?32 + latsotss + katsots, — atsgts1 = 0, 

A-6 + ml? 42 + + hatsotss = 0, 

A-Y —Atggtoy + + latsgtos + katsgter + latsotes + katsotes = 
A-8 + 2Mtgotoo + latystes + + latsotos + hatsotes 
A-9 + + latsstso + + ldtsotss + 0. 


4. Auziliary theorems. The following theorems are useful in determin- 
ing the number of non-equivalent domains with a given discriminant. 


THEOREM 2. If 21==0, mod. a, the domain is equivalent to some domain 
in canonical form in which l= 0. 


To prove this it is sufficient to give the transformation which makes 1 
zero without changing the canonical form given in Theorem 1. The following 
transformation works for both cases. 


> @ 
1 1a! 0 
T = a P 
0 0 1 0 
0 
and 
—1 0 
M = 


This transformation leaves k and a invariant. If m’ is such that the domain 
is not in canonical form, this can be corrected by adding or subtracting ka 


a sufficient number of times. 

THEOREM 3. Any domain of type (II) with a odd is equivalent to a 
domain of type (1). 

The following transformation will put the domain of type (II) into one 
of type (1). 


1 0 0 0 
4 
| 
0 0 1 0 
0 0 0 1 
and 
—1 0 
M= |l1l+a 
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THEOREM 4. If ka? contains no square factor other than unity, all 
domains are equivalent. 


By Theorem 3 we need consider only domains of type (1), since a is 
evidently 1. By Theorem 2 we may take / as zero. Hence 


m = 0, mod. k. 


But by subtracting or adding & we can evidently make m zero. Hence m and 
1 are both zero and a is 1. Hence there is only one such domain for such a 
value of ka.? 


THEOREM 5. Two domains of type I are non-equivalent if a is even in 
one and odd 1n the other. 


If a’ is odd A-3 is impossible unless a is even. This proves the theorem. 


THEOREM 6. A given domain of type (II) 1s not equivalent to a domain 
of type (1) with a even. 


THEOREM 7%. Two domains of type (II) in which the a’s are even are 
not equivalent unless the m’s are both even or both odd. 


5. Non-equivalent domains when ka? 18. We shall now make a de- 
termination of the number of non-equivalent domains for which ka* = 18. 
This is a typical case. Since 1 and 9 are the only square factors in 18 it is, 
by Theorem 3, sufficient to consider only domains of type (1). The following 
seven domains are the only ones satisfying the conditions given in Theorem 1. 


k a l m 
D 18 1 0 0 
D 2 3 0 0 
D 2 3 0 2 
D 2 3 0 4 
D 2 3 1 1 
D 2 3 1 3 
D 2 3 1 5 


The domains D, and Dz are non-equivalent, for if we apply a transfor- 
mation (1) to Do, we get 


(A-5) — + — 3tggtsi1 = 0, 


The first of the above equations demands that ¢;,==0, mod. 3, and this is 
impossible in the second one. 


all 


wre 
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Also D, and D; are non-equivalent, for if we apply transformation (1) 


to D,, A-4 becomes 


But ¢? = 2, mod. 3 has no roots. Hence D, and D; are non-equivalent. 
Now D, and Ds; are non-equivalent, for if we apply a transformation 
(1) to D. we have from A-1 and A-4 respectively: 


which have no common solutions. 


The transformations 


1 0 0 0 
4 
—6 6 
and 
M= 


put D, into D,. Also the transformations 


1 0 0 0 
1 2 
0 0 1 0 R 
0 0 0 1 
and 
Of 
3 


put D2, D3, and D, into domains which are evidently equivalent to De, Dz, 
and D; respectively. 

This concludes the determination. There are evidently just three non- 
equivalent domains. These are D,, D2, and Ds; which are listed above. . 


6. Canonical form for all non-equivalent domains with ka* S31. We 
shall exhibit below a table of the non-equivalent domains for values of ka? 
from 1 to 31. Since by Theorem 4 all domains are equivalent when ka? 
contains no square factor other than one, we shall tabulate only the domains 
for the remaining values of the invariant. 

In the table the letters have the same meaning as in the canonical form 
of Theorem 1. 


|| 
L is 
nd 
la 
m. 
le- 
8. 
iS, 
= 


27 28 


25 


> 
© R 
S 
> 
8 
= 
Ra 
fore) 
sH 


E. J. FINAN. 


tH 


Number of Domains... 
STATE UNIVERSITY. 


Value of ka? 


928 
ka? k a l m Type 
1 1 1 0 0 I 
4 4 1 0 0 I 
4 1 2 0 0 I 
4 1 2 0 1 II 
8 8 1 0 0 I 
8 2 2 0 0 I 
8 2 2 0 2 I 
9 9 1 0 0 I 
9 0 0 I 
9 1 3 ft) 2 I 
12 12 1 0 0 I 
12 3 2 0 3 I 
12 3 2 0 3 II 
16 16 0 0 I 
16 4 0 0 I 
’ 16 4 0 4 I 
16 1 0 0 I 
16 1 0 2 I 
16 1 0 3 I 
16 1 0 1 II 
18 18 ae | 0 0 I 
18 2 3 0 0 I 
18 2 3 0 2 I 
20 20 1 0 0 I 
20 5 2 0 0 I 
20 5 2 0 5 II 
24 24 1 0 0 I 
24 6 2 0 0 I 
24 6 2 0 6 I 
25 25 1 0 0 I 
25 1 5 0 0 I 
25 1 5 0 2 I 
27 27 1 0 «= I 
27 3 3 0 0 I 
27 3 3 0 3 I 
27 3 3 0 6 I 
27 8 3 1 1 I 
28 28 1 0 0 I 
28 cj 2 0 0 I 
28 v4 2 0 v4 II 


PENCILS OF HYPERSURFACES.* 


By Tempe Rice Houicrort. 


1. Introduction. A general pencil f of hypersurfaces in r-space S; is 
defined by the equation 
(1) f =Aiti + Astle = O,7 


in which w, and wz are given, non-singular hypersurfaces of S, and A= A,/dz is 
the parameter. 

Pencils of plane curves were first studied systematically by Cremona.t 
Certain properties of pencils of surfaces of S; have been found by various 
mathematicians, but in most cases only as special properties of a k-parameter 
linear system for k 1. Doehlemann { devotes a short section of his article 
to properties peculiar to pencils. 

The purpose of this paper is to determine the characteristics of a gen- 
eral pencil of hypersurfaces in r dimensions. 


2. The basis manifold. The basis manifold M of the pencil f is of 
dimension r—2 and order n?. It is the complete intersection of u, and wz 
or of any two, three,- - -, infinity hypersurfaces of f. 

The i-th class m; of a manifold M, of dimension @ in S;, «= r—1, is 
the class of the section of Mz made by an arbitrary S;-a.:; that is, the num- 
ber of Sr-asi-1 through an arbitrary S,-asi-2 of Sra: that are tangent to the 
section of M, made by S;-asi. For a general hypersurface of order mo, mi = 
— 1)*. 

The basis manifold M of dimension r— 2 is the complete intersection of 
two hypersurfaces in 8, The i-th class of M is the i-th class of the manifold 
(hypersurface of S;i,,) that is the projection on Si,; from an arbitrary point 
of Six. of the section of M made by Si,2. The basis manifold M has, there- 
fore, r— 2 distinct classes, mi, 11, 2,: + -, r—2, which are respectively 
the classes of the sections of M made by an arbitrary Si,2. 

Under the above definition, the order of a manifold may be considered as 


* Presented to the American Mathematical Society, September 9, 1930. 
7 L. Cremona, “ Einleitung in eine geometrische Theorie der Ebenen Curven,” 
Greifswald, 1865, pp. 116-130. 
~K. Doehlemann, “Lineare Systeme von Curven und Flichen,” Mathematische 
Annalen, Vol. 41 (1893), pp. 560-563. 
14 929 
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the class m); that is for M, the class of the section of M by an arbitrary plane 
which is n?. 

The class m, of M is the class of a 3-space section of M. This is the 
rank of a space curve of order n? (or class of the plane curve projection of 


this space curve from a point of 8;) which is the complete intersection of 
two surfaces of S; of order n. Then m, = n?(n?—1)—n?(n—1)?= 
2n?(n —1). 

The class mz of M is the class of a 4-space surface (or class of the 3-space 
surface into which this surface projects from a point of S,) which is the 
complete intersection of two hypersurfaces of order n of Sy. Since such a 
surface has no improper double points, its class 


Mz = 3t + (38m, — 1) (mo + 2) ],* 


wherein the order my) = n?, the class of a 3-space section m, = 2n?(n —1), 
the number of apparent triple points ¢t = n?(n—1)*(n—2)?/6. Hence 
Ms = 3n?(n — 1)?. 

Comparing the above three values of m; for i 0, 1, 2, it is evident that 
the values of the classes m; of M are 


mi —=(i + 1)n2(n—1)¢, 


Using the formula for the equivalence + of a manifold of given dimen- 
sion, order and classes which occurs simply on 1 hypersurfaces of given order 
in S,, the equivalence of the basis manifold M on r hypersurfaces of order 
N in 8, is found to be , 


Ey =n? [,C,N*-? — 2,C3nN*- + 3,C4n?N"-* — - 
+ (— — 1) 


For r = 2 and all values of N, Ly has the value n?, that is, the equiva- 
lence of n? points common to any two curves is n?. Also, Ey has the value n* 
for n= N, that is, in S,, M is the complete intersection of 7 hypersurfaces 


of order n. 


* F, Severi, “Intorno ai punti impropri di una superficie generale dello spazio a 
quattro dimensioni e suoi punti tripli apparenti,’ Rendiconti del Circolo Matematico di 
Palermo, Vol. 15 (1901), pp. 34-36. 

+ F. Severi, “Sulle intersezioni delle varieta algebriche e sopra i loro caratteri 
e singolarita proiettive,’ Memorie delle Reale Accademia delle Scienze di Torino, 
Ser. 2, Vol. 52 (1903), p. 115. 

¢ The expression resulting directly from substitution in the formula is in powers 
of N—1 with increasingly long coefficients. On expanding the binomials (N —1)¢# 
and combining like terms, the above comparatively simple form is obtained. 
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3. Hypersurfaces and systems of hypersurfaces associated with the pencil, 
The k-polar hypersurfaces of a pencil of hypersurfaces form systems, linear 
in the parameter A and of degree & in the r independent codrdinates of a 
general point of 8,. 

The Hessian of a pencil of hypersurfaces of order n is a one-parameter 
family of hypersurfaces of order (r + 1) (mn —2) in whose equation the para- 
meter A occurs to the degree r 4-1. The Hessian does not contain M. 

One point P given on the Hessian determines the Hessian by means of 
an equation of degree r+ 1 in A. Then a point given on the Hessian of a 
pencil of hypersurfaces determines r + 1 hypersurfaces of the pencil and the 
r-+1 Hessians associated with them. From the definitions of the Hessian 
as a locus, we have, therefore: A given point P considered either as a contact 
of two first polars, as a node * on a first polar, or as a pole whose (n — 2)- 
polar is a quadric hypercone (all polars with respect to the pencil of hyper- 
surfaces) determines r + 1 hypersurfaces of the pencil whose r + 1 respective 
Hessians all pass through P. 

Eliminating A from the equations of the pencil and the Hessian, the 
equation of a fixed hypersurface J of order 2(7-+1)(m—1) is obtained. 
This hypersurface contains M (r-+ 1)-fold and is the locus of the parabolic 
manifolds of hypersurfaces of the pencil. 

The envelope of the Hessians of a pencil of hypersurfaces of order n 
is a unique hypersurface of order (2r + 1) (mn — 2) which does not contain M. 

The above results for the first Hessian can easily be extended to any 
k-Hessian, 1 = k = n— 2,+ which includes the Steinerians of the pencil. 

The k-polar hypersurfaces of a fixed point P with respect to the hyper- 
surfaces of the pencil themselves form a pencil of hypersurfaces of order 
n —k with a basis manifold of order (n —)? and dimension r—2. These 
pencils are all projective to the original pencil and to each other for the same 
or different positions of P, since all are linear one-parameter systems with 
the same parameter A. A multiple infinity of fixed hypersurfaces associated 
with the pencil can be determined as loci of the intersections of corresponding 
hypersurfaces of any two of these projective pencils. 

The most important of these fixed hypersurfaces is the locus of inter- 
sections of corresponding hypersurfaces of the original pencil and the first 
polar pencil of a given point P. This hypersurface ¢p is of order 2n—1. 
It is the locus of contacts of all tangent hyperplanes from P to hypersurfaces 


*The term “node” of a hypersurface is used to mean a multiple point of order 
two with an entirely general tangent quadric hypercone. 

+T. R. Holleroft, “The Generalized Hessian,” Quarterly Journal of Mathematics, 
Vol. 50 (1927), pp. 362-372. 
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of the pencil. It contains the basis manifold M and passes through the nodes 
of hypersurfaces of the pencil. 

For all points of S;, the hypersurfaces ¢p form an oo” system of surfaces 
of order 2n—1. This system has M as a basis manifold and the nodes of the 
pencil as simple basis points. The Jacobian of this system is of order 
2(r+1)(n—1), contains M (r+ 1)-fold and has nodes at the nodes of 
the pencil. 

This Jacobian hypersurface J is identical with the hypersurface J found 
above by eliminating A from the equations of the pencil and the Hessian. 
This is easily seen by writing out the equation of J according to both defi- 
nitions. This equation is a determinant, equated to zero, of order r+ 1, 
whose principal diagonal contains the elements 


4, Nodes of the pencil. Algebraically, the determination of the number 
H of hypersurfaces of the pencil that have nodes consists merely in finding 
the order of the discriminant of a quantic of order n in r independent varia- 
bles. This discriminant is of order (r-+1)(n--1)". Hence 


H =(r+1)(n—1)". 


This result may also be obtained synthetically. Consider r hypersurfaces 
¢p,, defined in the preceding section, determined respectively by 7 distinct 
arbitrary points P; of 8,.* Each of these r hypersurfaces passes through M, 
the H nodes of the pencil and the r(m—1)"* contacts of hypersurfaces of 
the pencil with the S,_, determined by the r points P; (see section 5). Sub- 
stituting N = 2n — 1 in the formula for Ey derived in section 2, there results, 


on expanding the binomials and simplifying, 
Ey? = —1)*? + — + rnt3(n —1)+ 


Hence 
H =(2n— 1)? —r(n—1)"? — Ey? =(r +1) (n— 1)". 


Another method used by Cremona (loc. cit., pp. 122-123) can be gen- 
eralized. Consider the first polar pencils p; respectively of r-+ 1 distinct 
points P; and the r hypersurfaces of order 2(m—1) generated by the r pairs 
of projective pencils pips, *, PiPr1i. These r hypersurfaces all pass 
through the nodes of the pencil and the basis manifold of p;. This basis 
manifold is of order (n—1)? and its equivalence EZ” on r hypersurfaces of 


* This method applied to pencils of plane curves was used by Guccia, Rendiconti 
del Circolo Matematico di Palermo, Vol. 9 (1895), p. 15. 
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order 2(7—1) is found by replacing N by 2(n—1) and n by n—1 in the 
formula for Ey. This gives 


E’=(n—1)" [022° + (—1)*(r—1) J==(n—1) (2"—1r—1). 
Hence 
H = [2(n—1)]*— =(r +1) (n—1)°. 


~ 


5. Lhe number of hypersurfaces of a pencil tangent to a given manifold. 
We shall first find the number of hypersurfaces of a pencil tangent to a given 
non-singular hypersurface w of order m. 

The solution of this problem is equivalent to finding the order of the 
tact-invariant 7 of w and a general hypersurface of the pencil. Since all 
coefficients of both w and the pencil are constants except A, 7 is a function 
of A. The roots of 7 0 are values of A defining hypersurfaces of the pencil 
tangent to u. 

To find the order of the tact-invariant 7, we shall first consider the net 
of hypersurfaces in S,, 

Au + + 0,7 


in which u=0, wu; =0, w2—0 are hypersurfaces of orders m, n, p respec- 
tively. The locus of contacts of the hypersurfaces of the net is the Jacobian J, 
a hypercurve whose order will be found. Let pn. Consider the two hyper- 
surfaces u=0 and +Asu2—0 of orders m and n respectively be- 
longing to the net. The contacts of these two hypersurfaces will lie on J and 
will, therefore, lie at the intersections of wu and J. The number of inter- 
sections of wu and J will, therefore, be the order of the tact-invariant of u 
and f in the coefficients of f. 

The equations of J are most easily derived from the following definition 
of J: The Jacobian of three hypersurfaces of w=0, u2—0 of 
orders m, n, p respectively is the locus of points whose polar hyperplanes with 
respect to the three hypersurfaces have an S;2 in common. 

From this definition, the equations of J are given by the matrix 


in which the superscript 7 denotes the partial derivative with respect to 2%. 
The equations of J consist of r—1 independent determinants of this matrix, 
each equated to zero. Each of these r—1 equations represents a hyper- 
surface of order m-+n-+ p—3. The hypercurve J is the portion of the 
intersection of a set of — 1 independent hypersurfaces that is common to all 
the hypersurfaces belonging to the matrix. 
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Salmon * has derived a method for obtaining the order of the system 
common to all the determinants contained in any given matrix. Using his 


notation, we may write the above matrix, which contains 3 rows and r—1 
columns, in the form 


a @ @ @ 


The order of the system common to all the determinants of this matrix is 


aipiy, (i+ j+k—r—1); 


that is, the sum of the r(r + 1)/2 products «‘@/y* in which i, 7, k each ranges 
from 0 to r—1 subject to the restriction 1+ 7+ k=r—1. 
Since « = m—1, B=n—1, y= p—1, the order of J is 


(m —1)"* +(m— [(n—1)+(p—1)] 
1)* 1)+(p — 1)*] 
+: -+(m—1)[(n—1)"? +(n—1)"?(p—1)+: -+(p—1)"?] 
+(n— 1)" +(n—1)"?(p—1)+- -+(p—1)"4 


For p =n, the order of J becomes 


(m — + 2(m— 1)"?(n— 1)+ 3(m — 1)" (n — 1)? 


The number of points common to u and J which is the order of the tact- 
invariant T of f and wu in the coefficients of f is, therefore, 


m[ (m — + 2(m—1)"?(n—1) 


This is, moreover, the number of hypersurfaces of the pencil which are tan- 
gent to a given non-singular hypersurface of order m. 

The above result is easily generalized to obtain the number of hyper- 
surfaces of the pencil that are tangent to a given manifold M, of order m 


and dimension «Sr—1. 


*G. Salmon, Lessons Introductory to the Modern Higher Algebra, 4th edition, 
pp. 286-290. 

+ Cf. T. R. Holleroft, “Nets of Manifolds in + Dimensions,” Annali di Mate- 
matica, Ser. 4, Vol. 5 (1927-28), pp. 261-267. The work of section 2 in finding the 
order of J and the tact-invariant is a special case of the above for m =n = p. 
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In Sas, given a hypersurface M, of order m. The contacts of members 
of the pencil with M, will all lie in Sq,,, that is, they will be the contacts 
of Ma and a general pencil of manifolds of order n and dimension @, the 
section of the pencil of 8, by Sa.:. This is the same as the original problem 
for r=a-+1. Then the number of hypersurfaces of a pencil of order n 
in 8, that are tangent to a given non-singular manifold of order m, dimension 
a = r—1, which is contained in an Sq,,, is 


(2) Na=m [(m—1)*+ 2(m—1)*(n—1) 
+ 1) (n—1)4]. 


For m=1, formula (2) becomes (#-+1)(m—1)*, the number of 
hypersurfaces of the pencil tangent to a linear manifold Sq. 

Formula (2) may be interpreted as follows: The pencil of hypersurfaces 
of order n of S; intersects Mg in a pencil of manifolds of order mn and 
dimension « —1 lying in Mg. The number of manifolds of this pencil in Mg 
that have a node is Ng. This is evident because a node of a manifold in Mg 
occurs at a contact of M, with a hypersurface of the pencil. 

A hyperspace curve C of order mo intersects the pencil of hypersurfaces 
in a single infinity of groups of mon points, each group of which is such that 
any one point determines the remaining mon—1. If C is of genus p, this 
involution on C contains 2(mon-+ p—1) coincidences.* There are, then, 
N’, =2(mon + p—1) hypersurfaces of the pencil that are tangent to a 
curve of order mo, genus p and belonging to any space. 

This formula shows the effect only of nodes, apparent or actual, since 
the additional property of a cusp does not appear in a formula involving only 
the order and genus. From either the above formula or the succeeding one, 
N’, is reduced two by each additional node or apparent double point. 

Let m, be the rank of C. Then p=m,—2(m.—1) and the above 
formula becomes 
(3;) N’, =m, + 2mo(n —1) 


where N’, is the number of hypersurfaces of the pencil tangent to a hyper- 
space curve O of order mo and rank m;. It is now seen that each cusp reduces 
N’, by three. Also a general s-fold point of C reduces N’; by s(s— 1), since 
this reduction occurs in the rank. 

In Sas, consider a general manifold M, of dimension a, order mp» and 
classes mi = mMo(my —1)*, (t= 1, 2, 3,- +, such that r—1. Sub- 


* Pascal, Repertorium der héheren Mathematik, Vol. II, (1902), p. 153, line 3, 
Q = mon, q=1. The theorem cited deals with curves of 8;. By projection, it can be 
shown to hold for curves of any space. 
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stituting m; for the respective products mo(m»—1) in formula (2), there 
results: The number of hypersurfaces of a pencil of order n in S, tangent 
to a manifold M, of dimension a, order my and classes m1, M2, ™3,* * *, Ma, is 


(3) + —1)+ 3ma-2(n — 1)? 
am, (n— 1)%* +(a + 1)mo(n —1)*. 


This is the general formula of which formula (3,) above for the hyper- 
space curve C is a special case for a1. Formula (3,) can be derived from 
(2) by setting «1 and m, = m,(m.—1), the value of m, for a general 
plane curve. This is the same process by which (3) was derived from (2) 
for any « Formula (3,), however, was derived independently for a hyper- 
space curve of given order and class and therefore holds for a curve of any 


space. 

Because of this and other evidences and analogies (e. g., to equivalence 
formulas), it would appear that formula (3) holds for manifolds of any 
order m,, classes mi and dimension defined by inter- 
sections of r—a linear or non-linear hypersurfaces of S;, but this has not 
been proved. 


WELLS COLLEGE. 


CORRECTIONS. 


J. L. Dorrou, Some metric properties of descriptive planes. 


p. 403, 1. 5 change “segment Hj,” to “segment of Hjx”. 
p. 407, 1.13 change “| f(Z7,V)—f(Z,2|” to “| f(Z,V)—f(Z, 2) |”. 
p. 407, 1.29 change “Y,.’” to “Y-*”. 


p. 415, 1.12 change “L” to “L”, 
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